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I
ABSTRACT

This study addressed itself to the development of a stress-strength
Interference Theory in the form of a practical engineering tool, to be used
for designing ana quanulila ly T-cpt fino the reliability of mechanical
parts and ccmponents subjected to mechanical loading.

Early practices in stress-strength r-latoi~nhip .ealt almost j
entirely along the lines of factors of safety. Utilization of such factors
is justified when they are based on considerable experience with parts not
too different from the one under consideration. However, when substantial
changes in the geometry, the processing, or the function of the part are
contemplated, a major error may result if the old factors of safety are
projected to the new set of conditions.

In the present investigation an approach was used which attempted
to recognize the above limitations.Instead of an indiscriminate grouping
of all the variables affecting stress and strength into one index (factor
of safety) these variables were individually recognized. The principal
variable is the scatter in the stresses imposed on the part and in the
strength of the material resisting these stresses.

The prevailing practice is to use the mean values of the calculated
stress and strength, ignoring the natural scatter that each may possess.
However, the variability in these two factors results in a statistical
distribution of stress and strength. When these two distributions interfere,
that is when stress becomes higher then strength, failure results. Means
of expressing these distributions, in a practical engineering sense, and
means of calculating the resulting interferences, represent the heart of
the present study.

44'

The problem of strength distribution was approached with the aid
of S-N curves. A great deal of fatigue data was gathered for various
materials, heat treatments, surface conditions, etc. About 75% of these
data were obtained from the Mechanical Properties Data Center, Traverse
City, Michigan, which also provided some tensile and strength rupture
information. The rest of the data came from literature and other sources.

The fatigue data thus obtained were then converted into strength
data which portrayed the scatter of strength at a given life. Several
methods of expressing the resultant distribution were studied and the Weibull
distribution-was decided on as the most effective means of expressing the
strength distribution in the Interference Theory. Tor each material, heat
treatment, surface condition, etc. studied Weibull parameters were calculated,
and these are tabulated in Appendix 1. Pertinent information was then
plotted end the graphs were incorporated in the body of the report
(Section 6).

The problem of stress disLribution (Section 7) turned out to be

much more involved. When one speaksr of "stress distribution" he usually
refers to a spectrum of loading or stresses to which a part is subjected.

, liii
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Indeed, most of the available data on the subject is expressed in this
manner. In an engineering sense, this kind of a distribution means number
of times that a given part is subjected to a given load or stress. In the
Interference Theory, however, this is not what is wanted. For consistency _ .
with the strength distribution the number of parts subjected to a given
stress is required instead.

In the present study the required stress distribution was obtained
by converting the stress spectrum, which generally has some mean stress, into
a spectrum with zero mean, with the aid of the Goodman diagram. This was
done to facilitate the conversion of the resultant spectrum into an
equivalent stress, based on zero mean stress. The conversion was accom-
plished by means of Miner's rule. The required stress distribution was
then expressed in terms of the equivalent stress. This distribution was
then compared with the strength distribution to determine the degree of inter-
ference.

From an extensive literature survey made in the course of this
study, it was found that most investigations have assumed both the stress
and atrength distribution to be normal. In those cases when they were not
normal a Monte-Carlo technique was employed. This involved a sophisticated
means of randomly selecting a sample from one distribution and comparing it
with a sample from a different distribution.

In view of serious limitations of the Monte-Carlo technique a
method of Integrals was developed (Appendix 3 and Appen4ix 4) and used in
the present study. This method involved developing an integral resulting
from the interference of two distributions and calculating this complex
integral with the IBM - 7090 computer using MAD language.

Although the interference of several distributions was considered P t
the final tabulated interference values were restricted to the cases when
the stress distribution was normal and strength distribution was Weibull,
and when both distributions were Weibull (Appendix 2). This represents
distributions most frequently encountered in actual engineering practice.

In order to show'the application of the Interference Theor)
Techniqu&, developed in the present study, an example wts solved, as des-
cribed in Section 9.

,ivt
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.,VALUATION

This study was addressed to the development of a practical reli-
ability enrgineerinjg tool to be used in predicting tie reliability of(
mechanical parts fabricated from ferrous metals and subjected to dynamic
loading. TL ,' tool was to be bascd on the :2tress-itrength lnter ference

•hneory and to be usable by desigýn eng{ineer!3 with little or rio st,rit Q.i-

cal background.

The study has provided a prediction technique which is almost "cooK-
book" in nature and requires a minimum amount of computation. Once tile
values of thel parameters of the interfering, distributions nave oean deter- -

mined, the probability of failure is obtained directly from tables con-
tained in tne report. Within the limitations that the material must be
ferrous and the failure mechanism must be fatigue, tie reliability of" ?nA
almost unlimited number of parts car be predicted. For example, a few
are grears, bolts, shafts, springs, torsion bars, vehicle frames and sus- A
pensions, landing geqrs, forged air frame members, etc. The engineering
and statistical basis for the technique arc such that there is every
reason to believe that predictions based on this technique will be real-
istic. Hfowever, the precision will depend to a large extent on the ac-
cliracy of the stress dlstribution. If this distribution is based on
measurements much greater precision will result than for the case where
only the mean stress is known and the variability is estimated.

Reliability Engineering Section
Reliability Branch 1'.

A.

viii

/• m m '
m7m m mm m m m

Downloaded from http://www.everyspec.com



SECTION 1 INTRODUCTION

1. Specification of Reliability; 2. Prediction of Reliability; 3. Veri-

fication of Reliability: 4. Preservation of Reliability. The heart of
the second stage, namely, the Prediction of Reliability, is the Inter-S~ ference Theory,

The basic idea behind reliability is that a given part has certain
physical properties, which, if exceeded, will result in failure. The
factor which may cause these properties to be exceeded is the stress im-

posed by the operating conditions. Thus, in prediction of reliability
it is not the stress alone or the strength alone that are the d4termining
factors but the combined effect of the two.

Early prectices in stress-strength relationship dealt almost en-
tirely along the lines of factors of safety. Once a part was designed and
the ratio of strength to stress was in the range of approximately 5 to
10 it was considered to be safe for service. In certain industries and in
certain applications factors of safety as high as 20:1 were employed.

The definition of the factors of safety varied from user to user,
depending on the sophistication and the complexity of the problem.

Some of these definitions, found in literature, are listed below:

"Factor of Safety - Ultimate Strenjth
Nominal Stress

Factqr of Safety - Yield StrengthNominal Stress

Ultimate StrengthFact r of Safe y - Actual W orking Stress

Factor of Safety - YieldStrength
Actual Working Stress
Yaield Strength '

Factor of Safety -
Normal Load

Factor of Safety - Computed Strength
Computed Load

Margin of Safety - Strength-Stress
Stress

Design Factor Strength
Design Stress

Factor of Utilization -Stress
Strength

Downloaded from http://www.everyspec.com
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Magnitude of Variable
Producing Failure

p.. " .. " Magnitude of Variable at
Operating Conditions 3

where th-e variable could be force,
power, torque, material, surface
finish, fillet radius, etc.

Apparently the factor of safety was meant to account for all the
variables which were known to affect the stress and strength of the member.
The utilization of a factor of safety of this kind has justification,
only when its value is based on considerable experience,with parts not too
different from the one under consideration. However, when substantial
changes in the geometry, the processing, or the function of the part are
contemplated, a major error may result if the old factor of safety is pro-
jected to the new set of conditions.

This is illustrated by the problem of automotive axle shafts which
have been failing in service in large numbers. These shafts have been fab-
ricated from a steel with a tensile strength of 240,000 psi, and yet, the
operating stresses as measured in actual service were found to be only
13,000 psi. This produced dn apparent factor of safety of 240,000/1.3,000 -

18.5. This is obviously a fictitious value, since the shafts were failing
in wervice, and the true factor of safety was less than one. The explana-
tion lies in the fact that axle strength to be compared with the 13,000 psi
operating stress should not have been the ultimate strength of the material
(240,000 poi) but the fatigue strength corresponding to the surface finish
of the shafts, the mode of loading to which the shaft was subjected, etc.
When the ultimate strength was reduced by these derating factors the resul-
tant value was found to be 12,000 psi. This strength, when compared with
the 13,000 psi stress produced the realistic factor of safety of 0.9.

Examples s:Th as this lead to the next phase in the relationship
between stress and strength, namely to the concepts of a significant stress
and a significant strength. By significant stress is meant the actual
stress imposed on the part and it may include the effect of stress raisers,
magnification due to impact loading, residual stresses, etc. By significant
strength is meant the actual strength of the part in its fabricated form,

under actual operating conditions. A rational approach~to significant
strength still emplkys ultimate strqngtb as the basis. However, instead of
an indiscriminate grouping of all the factors affecting the ultimate strength
into one index, it attempts to evaluate quantitatively the effect of each
individual factor pertaining to the part and the conditions under considera-
tion, The result is a value which is strictly applicable to the part under
consideration and to the set of loading conditions to which the part is
subjected in service. The principal factors affecting strength and which
must be considered in determining the significant strength are: life
expectancy, type of loading, (axial, bending, torsional, or a combination),

2
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size effect, surface finish, surf.ace treatment, notch efiiLt, iiiau, .,f

. loading (static, completely reversed dynamic, or a combination).

These concepts of significant stress and significant strength
represent a major step toward a more realistic prediction of reliability
and, as such, they have been included in the present investigation. By
themselves, however, they are not sufficient. This is because the
prevailing practice is to use the mean values of the calculated strength
and stress, ignoring the natural scatter that stresses and strengths may
have.

The variability in these two factors results in the existence of
a statistical distribution function of stress and strength (See Figure
2.1) and is the heart of the Interference Theory. Thus, for proper pre-
diction of reliability, an estimate must be made of both the mean value
and the dispersion characteristics of both the strength and stress.

The strength of the part, as all properties of non-homogeneous
materials, varies from specimen to specimen, in view of the variation in
hardness, surface finish, degree of stress concentration, etc. The opera-
ting stress imposed on the part varies too. These stresses vary from time
to time in a particular part, fromt part to part in a particular design, and
from environment to environment. Therefore, both the mean value and the
dispersion characteristics of stress and strength must be determined.

Once these parameters are found, percent interference and thus
probability of failure can be determined from the interference area
(shaded area in Figure 2.1). Means of computing theme interferences repre-
sent one of the principal objectives of the present investigation.

S... . ... :
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SECTMO 2 !TEixý-Q•NNCE THEORY 1
Suppose there are two barrels containing glips cf paper, each

h..... a nI..... PLinted on it. The numbers in barrel Y are distributed

according to distribution Y, as in Figure 2.1, and the numbers in barrel
X are distributed according to distribution X. If, at random, elips of
paper from each barrel are selected and paired, they may be clasuified into
successes and failures. A success is constituted by a strength value ex-
ceeding a stress value, as for example, when xl > yl. Failure will occur
if x 2 < Y2 as shown. It will be noted that, although the shaded area
is a measure of interference, it is not interference itself: a pair of
points x3 and 'y3 , although in the shaded area, will not produce failure.

!By continued pairing of stresses and strengths, at random, pairs will be
.-found where the stress will exceed the strength. By continued experi-

mentation a good estimate of the probability of interference can be found.

2.1 Two Normal Distributions

From an exhaustive survey of literature mAde during this investi-
gation it was found that most studies have assumed both the stress and the
strength distribution to be normal, This is a natural assumption to make
in order to solve a practical problem, as no work was found dealing with
an analytical expression for two interference distributions when they are
not normal.

When the stress and strength distributionp are as,.med to be
normal the probability of interference can be determined fros. the equation: 1

7-

where P a mean stress

kLx - mean strength

o/ - stress variance

S2 W strength variance

Z o standardized normal variate determined frcm
standard tables. (See Table 2.1)

__ 4 .

HI -, • ....- .................. .......
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Tabulation of the valuer, ol' (I versus K for the
Standardized Normal Curve. ed

cg P(z > O) . f 1 v#
LZ

- Area under the Standardized. Wormal Curve
from£ - to zto Z

it. MO A,*gg .490 4160 . A4 .4 08 x46 in2 .61 44
0. .460 AM.6 .4W3 .446 .444 .4404 .AM6 .A6M U .401 4w
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0.4 Am44 AM,6 AM37 .6 JIM3 AM6 AnAs o Jim 16 .8131

0. Alto6 Am6 All5 All6 Jon5 .Jay .100 .3651 .16 .1W
"& .2841 .614 116 .214M6-I .13 .112 .14118 .16 .1411 .1611

1. 20 .1 66m3IN .165 .1515 .1460 .1466 .1446 .1433 .1401 .2M
3.2 .2347 .1335 .1314 .1M6 .1221 .1351 .1360 .1210 .1100 .1170
A1i AI .1318.11 .1121 am06 = .103.36 .614126 .11110, .665A
IA .066 .066 Am6 all3 An66 AM6 A6M6 .A03 AM AI

1.4 AM3.06 AM 6 .6M 6 *6 *36 AM S A 16 AM 1 AM AM

1.8 .Am8 A061 644 AM3 .Am1 AM 14 .05 401 AM3 6

U* 1636 .03206? A131 jel 01 Jo6in *3all .016*166 6265A
U. *236*23 .01 3 03006 A11M ----- A011 *23 11

3* AD3 .621.0 A041 1666 am6
U 
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M J M-

Table 2.1 Normal Diatributiont
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Thus, if the average stress is 30 koi, with a standard deviation of
3 kit, and the average strength is 50 kni with standard deviation of 10 kit,
z - 1.91 and from Table 2.1 o , which represents interference, is found to be
.0281. Thus, percent interference, (probability of failure) is 2.81%.

In practical applications of the Interference Theory the following
problem arises: both distributions under consideration extend to plus and
minus infinity. It is apparent, therefore, that any two distributions will
overlap and cause interference. This, of course, is erroneous because
some distributions, such am strength, must have a finite lover bound of zero.
In many situations the physical set-up and the smple size adjust for this
lower bound. For example, suppose a part were designed so that the strength
distribution is placed 6a away from the stress distribution, both distri-
butions having standard deviation equal to a . From equation 2.1 it is
found:

Z W - 4.24

and the probability of interferencL. comes out to be .00001. This meauns
that only one part will fall in 100,000 parts produced. If actually only
50,000 parts are siade, the phymical problem has effectively truncated
the distributions.1owever, the probability of one part remains .00001. This
means that due to sample size the extreme oortions of these distributions are
no longer important since the sample size is such that not even one failure can
be extected.

For the ease of application of the Interference Theory, a graph
was constructed, as shown in Figure 2.2. The example solved previously
through equation (2.1) now yields: 91 5Oksi-3Oks±

. mi 3ksi

ai lOkai
6.67 and,- 3-3-

and the probability of interferenc!
comes out approximately 0.03, sa before.

2.2 Consistene.y of Two Di6tributions

In the application of the Interference Theory the following impor-
tant point must be considered; the distribution of stress and the distri-
bution of strength must be consistent with each other. In a fatigue test
or in actual application in service, a single part hasa single fatigue life
for a given loading condition. Subsequent testing of additional parts
under tho sea load will show a scatter in life, leading to a life distri-
bution. Through more extensive test~ng a strength distribution for a
given lifs can be obtained, such as the distribution in Figure 2.1 (the method

7
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II ~of obtaining a strength distribution from a life distribution is describ~ed I
F in Section 6).

It follows t-hen that for a consistent development~streos distribu-
tion must be of the somie nature as strrength distribution. That is, it
should represent the plot of the frequency of occurrence versus the applied
stress. This is not the same a3 stross distribution conventionally de-ived
from the spectrum ol loading acting on the part. The converst.on of one to
the other muslt be accomplishad through the use of the equivalent stress
(S equ ) and Miner's ox Corten-Dolan's Rules, Thtis is the method used In
the present investigation, as described In Section 7.

2.3 Non-Normal Distributions

So far the discussion has been limited to the cases when both the
stress and strength distributions can ba asum~ed to be r~orma.. In canes
when eit-her one or both ars not normal the problem in uauch more involved.
For example, thA intersection of a normal and a toog-wtrmal distribuckon
produces a distribution of an unknown origin.

In the past, problems such as thid were solveid largely through
"brute torce'I. by a method comumaonly referred-to as the Monte-Carlo Linchnique.
Essentially, the Monte-Carlo Technique consists of a sophisticated meana oif
randomly selecting a sample from one diaitribution and comparing it with
a sample taken fromi a different distribution. This is accomplished with
the aid of Tables of Random Numbers. Tho resultant paired data are plotted
as a Cctmulative Density Function on a Probability, Woibull, etc. page and

percent interference iu ream from the graph.

2.4 The Integral Method

In the present investigation a Method of Integrals was used in
preference to the Monite-Carlo Technique. This method involves determininB

under considerati~on and establishing percent interkerence from this integral.

The advantages of the Integral lethod are:

1. For svme distributions thes integrals have been already tabu-
lated and percent interference can be read directly frcom the

4 table.

2. In those comese where the integrals have not been already tabu-
leted, they can be evaluated-by Numerical knaly~it as done
in the present investigation.

Downloaded from http://www.everyspec.com



-3. The major shortcoming of the Monte-Carlo Techniique to that it
requires a very large sample size for any accuracy. This short-__ie1 voddW~ the-- jiai~egrals are used.

11 4. Onie of the objectives of the pr-esent study is to develop and
evaluate an a~nalytical expression for interference of any two
distributions. Such an expression is nossible when the Method
of Integrals is used, but not wh~n the Monte-Carlo Technique is

-~ employed.

10
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SECTION 3 OBJECTIVES OF THE PRESENT STUDY

The objectives of the study described in this report were:

1. To refine and to reduce to practice the stress/strength
Interference Theory technique for designing for and predicting
the quantitative reliability of mechanical parts and components
under mechanical loading. Maximuan use was to be made of
empirical practical engineering values as well. as a sound
theory.

2. To study the effect of such factors as type of loading, surface
finish, temperature, heat treatment, stress concentration, and
surface treatment on the statistical distribution of fatigue
strength.

3. To determine from the existing available empirieal date the
distribution of the fatigue strength under the effect of each
of the above factors.

4. To develop the means of synthesizing the strength distribution
function when such function in non-time variant, i.e., infinite
life design (infinite fatigue-strength), and when such
function is time variant i.e. finite life design (tinite fatigue
strength).

5. To develop an analytical expression of the distribution of
interference for the general case where the interfering diatri-

4 buttons are different.

I

111

i.1
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' 1RCTION 4 STUDY APPROACH

4.1 LITERATURE SEARCH

At the outset of the investigation an exhauutive literature
search was made td determine the State of the Art in the field of Relia-
bility Prediction-Mechanical Stress/Strength Interference. Some of the
specific topics covered were: Interference Theory, Mathematical Tools 4
as related to the Interference Theory, Monte-Carlo Technique, Reliability
Prediction, Fatigue of Metals under different conditions, Statistical
Analysis of Fatigue Data, Spectral Loading, Cumulative Damage due to
Spectral Loading, etc. The sources where pertinent information was located
are listed in the Bibliography. No references, however, were found dealing
with the specific work objectives listed in Section 3, thus confirming
the basic need for this type of information.

4.2 THEORETICAL ANALYSIS 4

One of the objectives of this investigation was to develop and
evaluate an analytical expression for the interference of two distribu-
tions. When the two distributions are normal the interference can be
simply expressed by a z-distribution, as described in Section 2. From an
extensive survey of literature no work was found dealing with the analytical I
expression when the two interfering distributions are not normal. The
purpose of this phase of the investigation, then, was to develop such an
expression.

For reasons stated in Section 2 the Method of Integrals was
chosen and an analytical expression was developed for the general case
of two interfering distributions. This would include cases such as Weibull-
Weibull, Weibull-Normal, Normal-Normal, Exponential-Exponential, etc. it was
then necessary to find the way of solving the complex integrals expressing
such interferences. Numerical analysis was carried out using an IBM 7090
Computer with MAD language to solve these integrals. Tables were then
prepared for the interforence as a function of the distribution parameters.

These tables included the combinations:

Stress Distribution Strength Distribution

Normal Weibull

Weibull Weibull

because Norma] and Weibull are the distributions most frequently found in
actual engine,'ring practice. The reason for choosing Weibull as the
strength di6ýilbution for the two cares was that strength data, particularly
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fatigue data, can be more conveniently expressed in terms of Weibull
paraetes.. '• Aw ' h% than linrmal parameters (.u a= ). It was felt that
this restricton would not apply to the Stress Distribution.

4.3 EMPIRICAL DATA

The tables of interference are the heart of the Interference
Theory as applied to the engineering practice. Once the stress distribu-
tion and strength distribution parameters are known, percent interference,
and thus the probability of failure, can be read directly from these
tables (for a procedure see Section 9 and for the tables see Appendix 2).

Over 250 articles from literature and other sources were
examined and practically no data were found concerning the statistical
diLstibution of stress. The only data located referred to spectrum of
loads or stresses, which, as pointed out in Sectiov 7, does not represent the
Stress Distribution requjired for the Interference Theory. lIterference
Tables, therefore, were constructed so that for given dispersion character-
istics of stressca a percent interference can be found. The range of
these characteristics chosen here, and corresponding to engineering
practice, are (if the stress distribution is Normal).

.01 < < .10

As to the strength distribution it was found necessary to collect
a great deal of data in order to arrive at a meaningfLl distribution.
The search for these data turned out to be aninvolved'task. To systematize
the effort a format was prepa ed which included the factors which are known
to affect the final distribution of strength. An attempt was made to
collect data in different areas in order to determine the effect of such
factors as type of loading, size, processes, surface conditions, heat
treatment, surface environment, temperature, surface treatment, stress

concentration etc.

An initial step was to gather scatter data from presently avail-

able published work. Many sources of information were examined, juch as:

RAND Reports, NASA Technical Notes, NACA Technical Notes, ASTM Transac-
tions, ASM Transactions, SAE Transactions, ASME Transactions, etc. J

Most of these data however were found to be in a graphical form, in many
cases with test points not indicated, whereas statistical analysis
requires data in a tabular form, for higher accuracy. The Mechanical Properties
Data Center in Traverse City, Michigan was found to be a very useful
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source of information for tabular data. . ney nave been very couptl-
tive in providing the necessary information. Although:it was not possIble to
ind dat-a for every ne fastnr sffectlng strength. stilla great deal

of fatigue data was found and these data were systematized, evaluatedin terms of Weibull parameters (Section 6), tabulated (Appendix I) and

plotted (Section 6).

While scanning through literature and ocher sources for possible
fatigue data, some useful data for determining the statistical distri-
bution of tensile strength and rupture strength of various ferrous
materials was found. The effect of temperature and heat treatment on
tensile strength and the effect of time and temperature on rupture strength
were studied and the restilts were tabulated and plotted in the same manner.
(see Appendix I and Section 6.4).

4.4 FACTORS AFFECTING THE STATISTICAL DISTRIBUTION OF FATIGUE STRENGTH

Since fatigue strength represents the major interest in the
engineering applications of the Interference Theory, this problem was
studied in some detail. The statistical distribution of the fatigue strength
of a mechanical component is a function of a number of factors, such as
type of loading, surface finish, stress concentration, heat treatment,
temperature,processes, and time. Each shows variability which is character-
ized by some form of a distribution. The effects of these factors on the
statistical distribution of strength were studied in the present inves-
tigation.

* Fatigue strength can be defined as the maximum stress that can be £
sustained for a specified number of cycles without failure, the stress
being completely reversed within each cycle. In the case of steels a
compongnt is 9 aid to have finite fatigue strength if it fails between 103 A
and 10 or 10 cycles due to a given magnitude of cyclic load.

Type of Loading: The three major types of fluctuating load
encountered in designing parts are axial, bending and torsion. Experi-
mentally determined values of the ratio of average fatigue strength for
axial loading, as compared to bending 1oad were reported in literature
as ranging generally from 0.75 to l.O•' 3Although great deal of work his been
done to obtain precise values ror this ratio, no detailed study has ever
been made as to th., statistical aspects of these strengths. Investiga-
tions have been conducted to find statistical distributions (Normal,
Exponential, Weihull, etc.) of fatigue strength tested under a Aiven type
of loading, such as bending. No work was done to determine the effect
on the distribution if the loads were other than bending. In the present
investigation an attempt was made to study the effect of different loads
on the statistical distribution of the fatigue strength. The statistical

6 parameters of the distribution for various materials under different
loads were determined, tabulated according to materials (Appendix 1) and
plotted (Section 6).

\1i
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Effect of Surface Finish: The surface finish of a part does
affect its endurance strength. Hence the condition of finish should be
taken into account when the design is based on fatigue. Surfaces which
have an effect on the significant strength can be classified into five
broad categories: polished, ground, machined, hot-rolled, and as-forged.
The worse the surface the lower will be the mean fatigue strength but
the higher will be the scaitter. As a result, Lhe degree of interference is
likely to be pronouncedly affected by the type of surface finish imparted
to the member. Different surface effects were studied in the present
investigation and the Weibull parameters were tabulated (Appendix 1)
and plotted in Section 6.

Effect of Stress Concentration: A notch or a stress raiser in
"a part subjected to fatigue loading can be regarded as a factor causing
"a local increase in stress or as reduction in strength. For example, a
notch with a stress concentration factor of 2 can be thought of as doubling
the stress or as halving the strength. In the present investigation this
factor was taken as a strength reduction fLctor.

If all parts were made of materials which are completely homo-
geneous and have perfectly polished surface finishes, the effect of a
notch would be to increase the stress by the factor Kt. Sinceactual
materials are not perfectly homogeneous and actual surfaces are seldom
perfectly polished, there exist internal and surface stress raisers.
For this reason, the addition of a notch to a part, already having stress
concentration due to geometry, generally produces a smaller effect than
would be predicted from the theoretical stress concentration factor, Kt.
The extent to which a notch reduces the endurance limit of a part is
referred to as the fatigue stress concentration factor, or the fatigue
strength reduction factor, and is designated by the symbol Kf. This is
defined as:,

4

Kf endurance limit of specimen without the notch
f endurance limit of specimen w~th"the notch

In this study an attempt was made to determine the effect of
stress concentration on the statistical scatter of the fatigue strength.
More specifically, the objective was to find out whether this factor
changes the mean strength only, whether it has an effect on the standard
deviation or whether it completely changes the nature of the distribution
itself. The data were collected for various materials at different
temperatures, because, for example, the scatter of fatigue strength at 1.0
life cycles with Kt - 2.0 for AISI 1040 steel tcated at 70OF may be
different than at say 1000F, 2000F, or 5000P. G('Wrs in the parameters
of the statistical distribution of the str,.ýr !L• to the effect of
stress concentration at various testing t!,).:-)for different mater-
ials are tabulated in Appendix 1 and plotted in - !-•<tion 6.

The effect of stress concentration •. to decrease the values of
Xo and & qnd in some cases of b, where X , the lower bound of strength,
0 is the characteristic strength, where 6L,4 of the population have
strengths less than or equal to this value, and b is the Weibull slope.
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Effect of Heat Treatment: Different heat treatments such as
annealing, juenching, tempering, aginu etc.: - he .... _ w-ur s-

Lu change their mechanical properties. Heat treatment may change the average
fatigue strength but also the statistical scatter. Pertinent parameters are

tabulated In Anpendf..x 1 and plOtted in Section 6.

The effect of heat treatment is to increase or to decrease X0
and 0, depending on the design life. In most of the materials which were
investigated the slope b increased with life for a given heat treatment.

Effect of Temperature: In a similar manner the effect of tem-
perature on the statiqticei scatter is shown in Appendix 1 and Section 6.

With few exceptions the effect of temperature is to decrease
X and 8 and increase b with increased temperature.

0

4.5 FACTORS AFFECTING THE STATISTICAL DISTRIBUTION OF TENSILE, RUPTURE STRENqTH

In this phase of the study dispersion characteristics of the
tensile strength and its statistical distribution were studied for several
materials, heat treatments and operating temperatures. The scatter data
were plotted in the same manner as the fatigue data, and the Weibull
parameters were determined. These parameters were tabulated in Appendix 1.
From these tablea'grapha were prepared with abscissa as temperature and
ordinate as Weibull parameters (Section 6.)

Rupture strength can be defined in terms of that static stress
which will result in a fracture within a specified time for a specified
temperature. Data were collected to determine the statistical distribu-
tion of the rupture strength of various materials. The distribution
parameters were computed for different operating temperature and for dif-
ferent times such as 100, 1,000 or 10,000. hours. These parameters were
then tabulated according to the temperature and time (See Appendix 1).

4.6 ANALYSIS OF STRENGTH DkTA

Data collected during this phase of the investigation were
organized and systematized according to materials and conditions. In
the case of fatigue, these data were plotted on S-N diagrams. Fatigue
life data were subsequently converted to fatigue strength data for a given
life. (Section 6.) The fatigue strength data thus obtained were plotted
on the modified Weibull probability paper to determine Weibull parameters.
The same procedure was repeated foe different life cycles, for various
materials and under different conditions. The Weibull parameters thus
fotind were then tabulated in Appendix 1 and plotted in Section 6.
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5.2 IMRODUCTION

5.1.1 Interference Probabilities

In interference theory one suppopes that the strength of a menu-
factured part is not known with certainty prior to performing some test
on it and that the stress induced by a load is not known wit'. certainty
prior to actually loading the part. Thus, for example one does not know
with certainty that the strength of a part is exactly 50 ksi. He may
know that the part, cannot have a strength greater than 58 ksi or less
than 40 ksi. Or he may know that the average strength that has been ob-
tained in previous tests on these parts is 49 ksa-. He may have some
measure of how dispersed the stren-3th measures are around this average
strength. The point, of course, is that this type of knowledge in quite
different from knowing precisely what the strength is prior to testing.
For a multiplicity of reasons strengths of seemingly identical parts
are not exactly the same and precisely what strength a part will have
cannot be known until some type of strength test i6 performed. In the
theory of probability one sasvs that the strength of a part is a random
variable. Certainly the same type of reasoning applies to the stress.
Thus for a mathematical theory of interference one starts with the idea
that strength is a randor variable, 3ay X and stress is a random vari-
able, Y o

In describing the properties of random variablex, since their
values are not known exactly, one supposes that associated with every set
of values 'hat the rando variable can take there is a real number called
the probability that the re ndom variable takes values in the set. These
probabilities are non-negative r4l nnubers, they are all less than I
end in the rinse given belom, they "sum" to 1.

If x is any real .niber then there is a probabilVty that the
random variable takes some value less than or equal to x . Bymbolically,

Pr(X < x)

is a nufber such that 0 < Pr(X < x) < 1. Surely (i.e. with probability
I) X < -.s, that

Pr < ( X 1
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and

Pr(- > x) =0

Clearly Pr(X < x) depends on the real number x Consequent- 0

ly one defines a probability distribution function F(x) by the relation

F(x) - Pr(X < x)

One sees immediately that

0 < F(x) < 1,

F(--o) 0

F(-) =

and that F(x) is a non-decreasing function,

In most engineering applications F(x) has a derivative for
every value of x anr. one defines the probability density function
f(x) , by

f (x)
dx

One takes
f'(x) d -P,.(x <X < x + ).

(i.e. the probability density function multiplied by dx is the proba-
bility that X takes values in the neighborhood of x). since

f'(x )dx - dF(x)

one has

fCx)dx dF(x) - F(x){ - ,

the probabilities given by f(x)dx "sum" to 1.

in
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In the mthematical theory of interference one assumes tlitt the

probability density function for the random variables X (strength) and

Y (stress) are known. Sections 5 and 6 following show how these ranctions

can be found frcs engineering data. Thus the "givens" of the Mthemut-

i-al theory ef interference use the random variables X and Y , the

set of valueti that they each can take (usually the aon-negative real Uine),

and the probability density or distribution function F(x) (or f(x)) and
GCY) (or gk'Z)).

The problem to which interference theory addresses itself in

t5.t of fanding the probability of failure. Failure is mid to occur

whenever the stress exceeds strenth. Thus from the known probebilities

for the X w Y rand variablses to fiie P iend

P( > x)

whtih in the poroesbil( that stres ancds strength or e he probability
of failure.

There wre two useful was ot is'.,,.ýtnln the probability of
failure from the known propertlea of X and .'i ý

(a) Since one v•Lshes to find PA•(Y a; X) it is conven-

ient in soee casees (e.g. vhqkn stress and strenth are normll distrib-

uted) to define a new re•ndom variable Z by the relation

ZMX -Y,

Then if one can find. the probability density finction of Z, h(z), the

probability of failure will be simply the probability that z S 0. In

terms of h(s) this is found by

Pr(hillurs) ubf'(%)dz

The problem in general is then to find h(z) fren the known probabIlity

density functions f(x), g(y) . A ccmlete discusmion of this method und

its applications is found in Section AUI,.2*

A AL reerences to Suetion A pertain to the AppendiL, Thus, Section A-3.2

some etion 3.2 of Appoendix 3,.

""Ql ''r"* ' , '" '.:S ' f. ,
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In* the important special case in which both stress and strength
are normuLly distributed random variables it is well known that Z isn
Ulbu Xo-1`-Ld.V ditsributed with parameters. An outline or the proof' of' theje
results is given in Section A-3.3.1,

S

and 2 2 2
y z = aX fY

Consequently 1'he probability of failure can be found directly from tables

of the normal cur've areas. One wants the area from -w to 0 from these
tables. A complete discuasion of bow to do I;bis is given,.

A complete etwl)e of how this metlvod can be used. for non-
normlly distributed ranrot variables it given in section A-3.3.3 for the
case in which stress and w.rength ar,' each random variables with gamma
density functions.

A zparisoD of this method -of finding the probability of fail-
ure with the method of part b below i" given in seetion A-3.3.2 for the came
of negative eVponentiAl probability densite funclia,.

(b) For most app.icationa metho4 (a) aibove is unnecessar-
ily complex because one must first soixid the entire dinsity function of the
random variable Z before findirg th~e prob&ailIty of failure. Since the
random variable Z i rof no prkatical value for Z < 0 the approach in
paWt (a) is unduly long. The methods described in Lhis section are more
direct and from oura expericnoe more useil in general.

On, can derive the probability of failure as follows. Suppose

we superimpose the stress and strength d.,nsity function on the same
graph as shown injFigure 5.1,

Although Y is a random rariable let us fix attention on a.
particulad, =all interval that Y can take values in. Let us fix
y < Y < y + dy. Then let us find bhe probability that the random vari-
_ble X taken valuas less than this fixed Y . Ono can show that this
probability is

20
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III

Stress Density
Function

Strength DIesityY Function

S

Interference

x or y

Figure 5.1 Znterforenco of Stress and Strength Distributions
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Pr(X < y Iy < Y < y + d) fY(X)d
0 . .

The left hand side 01' this expression is calioci a culon 'ujiM~~.L J!!U'ubiity

Lieitl ai -11wie wh.cit ic kflS'own e.j~f 4tic thR4-") thc randenr vn.ri.-1t-.h

Y is "nearly" y .By the definition of f(x) this probability is dob-.
vious).y the name as the right hand side of the expression. If now we
multiply this conditional probability by

Pr(y <Y < y + dy) ;-g(y)d~y

we obtain the 1oint probability that X < y and y < Y <y + dy which
symbolically is

Pr(X < y Iy < Y < y + dy) Pr(y < Y < y + dy)

a r(X<.y;y<Y < <y +dy).

This probability' is given by the integral

f Yf(x)dtx g(y)dy

From the joint probability one obtains the probability of' ftilure by:

Thus this double i.ntegral. gives the probability of~ failurc. dir,-ýtly.

If' one irecalls the relation bet~ween f(x) and V'(x) , it it

clear that th~e double int~egral in eusi3.y reduced to the single integral

Pr (Zmilure) maf(y) g(y) dy

If BF(x) Is easily obtainable then~ this expression is eas'ier to 'work
with them the double. integral. Fvx, example one knows, that for a rtrengt h
'with a Woib~ull probability density function the probability distribution

22
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Ifunction F(x) is given by

F(x) e- lO

In these cases the probability of failure is then given by

S fy-xo bx

Pr~ailre f 00(- xI gI)d
qi-/7 e(y)dy

0

The latter expression follows because

g (y)dy-1

/

if the random variable Y takes only positive values which is the usual
case in interference theory.

Similar expression to thuse above can be found as shown inII •Section A-3.3.4. In any event one is free to use whichever expression
is easiest to work with.

A Examples of the use of this method for non-normally distributed
1nandom variables is found in Section A-33.

5.1n3 Interference Tablesi pages 258-396.

In Section 5.1.2 it was shown that the probability of failure
could be expressed as an integral involving the known probability density
or distribution functions. In centain cases this integral can be evaluated

in closed form (e.g. when f(x) and g(y) are both exponential tunctions).
In some cases this integral can be evaluated in terms of other well known
and tabulated functions (e.g. when f(x) and g(y) are both gamma functions

or when f(x) and g(y) are both normal functions). In general it is not
to be expected that the integral for the probability of failure can be eval-
uated in closed form or in a form involving other well known functions. (e.g.

23
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when f xW and s'v v nrp ha+h, WlUll untinsoc i f~x) ft- a
Weibull function and g(y) is a norial function). In those cases one L i
must resort to numerical evaluation of the integral.II

From the discussion in Section 2 it is apparent that two cases
are of importance to interference theory. They are

(a) f(x) and g(y) are each Weib4ll functions

(b) f(x) is a Weibull function and g(y) is a normal function.

Since the integrals giving the probability of failure cannot be &xprcssed
in terms of well knowh functions, in general, we have evaluated the in-
tegral numerically. Tables of the probability of failure are given in
Section A-2. A full discussion of the nunerical methods' used annd the

errors of apprximation appropriate to the tables are given in Section A-4.

5.2 USE CF INTERFENRCE TABLES, pages 258 -- 396. ,

5.2.1 Parameters for the Weibull-WeibuWl Case

The form of the integral evaluated for finding the probability of'
* failure when both the strength and stress are Wribull distributed random

variables is given in Section A-3.3.4. Tables of this probability of failure
are given in Section A-2.2. A discussion of the numerical analysis, errors

S and accuracy of the tables is given in Section. A-4.

For each of the random variablei, X and Y the probability
density function is of the form

- X1bx
f(x) 

I-b- (x 'x ° b "x 0 'Cx<~ .

Each density function is completely characterized by- three para.:seters
bx(or by), Qx(or Qy), xo(or yo). 'These parameters are called the slope, A

the characte~istic value and the truncation parameter respectively.
'These names follow from the facts that

(1) f(x) 0 if x < x0

""I'
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Hence the strength (or stress) has zero probability of taking values less
than xo - the probability density function is "truncated" at x0 •I

(2) If one plots i/(l-F(x)) vs (x-xo) on In vs1 in In paper the greph will be a straight a..ne with slbpe bx

(3) If' (x-x0) = 0, 63.2% of the area under f(x) falls belw
(x Hence the "characteristic" of x, is equal to ( 0' + Ko).

It is to be noted that since f(x) is characterized by three
parameters one expects the probability of failure to be characterized
by six parameters (3 for strength and 3 for stress). Fortunately, this
is not tile case. As is shown in section, A-3.3.4 the integral for the pro-
bability of failure is determined by four parameters. These are used

in the tables as:

(1) bx - the slope of the strength distribution. In the
tables this is called B1

(2) bx/by - the ratio of the slopes of the strength dis-
tribution (bx) and the stress distribution (by) . In the tables this
is called BJB 2

(3) (xo-yo)/(%x-xo) - the difference of the truncation para-
meters divided by the difference of charanteristic value ind the truncation
parameter of the strength distribution. In all of the tables it is
assumed that x.: > y0 . This appears to be the most useful case for inter-
ference theory. In the tables this is called (Xo-Yo)/THETA 1 .

(4) 9y-yo0 /9-xo - the ratio of the difference of the char- A
acteristic values and the truncation parameters. In the tables this is
called Theta 2/Theta 1 •

The following values of these parsmeters are used in the table.
They are considered to be the most useful values for interference theory
in mechanical problems.

B1, B2 = 1, 1.5, 2, ... 10.

B_/B2 = .1, .2, ... 1 and 1, 2, ... £0

(Xo-Yo)/TKETA 1 = .000, .250, .500, .750, 1.000

25 , ,
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THETA/T•iE•TA 1 = I/i , 1/1.25 1/1.50 1/1.75 ... i •/

THETAS/TIJETA 1 = 1, .o8O, A67, .571, .. .

The values in the body of each table are the probability of
failure for the parameters given at the heading of the tables. From
the discussion given inection A-4.1.4 our estimate is that these tables
are correct to + 1 x 10i and most of the values are correct to + 5 x 10-5.

5.2.2 Parameters for the Weibull Distributed Strength, Normal Distributed
Stress Case

S

The form for the integral involved in finding the probability of
failure when the strength is Weibull distributed and the stress is normally
distributed is given in Section A-3.3.5. Tables of these probabilities are
given in Section A-2.1. A discussion of the numerical analysis, error and
accuracy of the tables is given in Section A- 14.1.7.

The form of the distribution of the strength has been given in
section 5.2.1. The parameters were discussed in that section. If the
stress is normally distributed the probability density function is given

by

g(y)= e 2o 2  ,. < <y< OU

Fach density function oVt this form is completely characterized by two
parameters, p and a . These parameters are called the mean stress p
(average stress, expected stress are also used) and standard deviation
of the stress (the square o2 is called the variance of the stress.)
If one plots f(x) on rectangular coordinates p is the value of x
at which the peak of f(x) occurs. It is also the point of symmetry
of f(x) and mathematically is the value of the integral

P x f(x) dx.

a can be interpreted as the value for which the following probability
statement is true.

Pr( c - a < Y < p+ a) .68 .
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meters (bx, Ox, xo) and the sAress distribution is characterized by two

paer -an+••-•-Am e ct h t..at th. i.ntagral for the wrobability of

failure in this case is characterized by five parameters. Fortunately

this is not the case. As shown in Section A-3.3.5 the integral for the pro-

bability of failure is characterized by three parameters. These three

parameters as used in the tables are:

(i) bx - the slope of the strength distribution. In the

tables this is called B(x)

(2) @x-o/a - the ratio of the difference of the characteris-

tic strength and the truncation parameter to the standard deviation of the

stress. In the table this is called C for typographical simplicity.

(3) (xo-v)/a - the difference betweeui the strength trunca-

tion parameter and the mean stress divided by the standard deviation of

the stress. 3n the tables this is called A for typographical s:',plU-

city.

The following values of these paramters are used in the table.

They are considered to be the most useful values for interference theory

in mechanical problems.

B(x) ml, 1.2, 1.3, ... 3.2

C w 10, 15, 20 ... 100

A - 0, 0.2, 0.4, ... 2.9, and from -0.2 to -10.0

The values in the body oE each table are the probabilities of

failure for the parameters given at the heading of the tables. From the

discussion given in Section A-4.l.7 these probabilities are correct to

+ 5 x 10-5

5.2.3 Use of the Tables. Explanation of Missing Values and Interpolation

Numerical examples of the use of the tables are given in

Section 5.3. In general the user will enter the table with known para-

meters (bx , Ox , xo and the appropriate parameters for the stress

distribution) and wish to find bhe probability of failure. This is a

direct table look-up. In some design pzoblems the user will have a

given probabili:ty of failure to achieve and will know the general
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shape of the distribution of stress and strength appropriate to the ma-
'crial that hc in usin-. The tebe will then ivo hMm thp rlativn panra-
meters (there may be many of these) to design for. It would be expected
that a cost analysis would give the acceptable parameter values for each
distribution. As long as the relative values are as given in the table
the probability of failure will be the same no matter what the values for
each distribution are.

In the tables there are some values not tabulated. For example
in the Tables A-2.2 for the Weibull strength and Weibull stress there is a
row of non-tabulated values for Bl/B2 = .1 and El > 1 for every value of

kXo-Yo)/TIIETA 1 and THETA 2/THETA 1 . These values were not tabulated
because they require values of the parameters (i.e. B1 and B2) that are
outside the limits considered useful for mechanical Problems in inter-
ference theory. For example the value in the table (Xo-Yo)/TIEETA 1 = .000,
THETA 2/THETA 1 .571 at Bl w 5, BI/B2 - .1 is missing. To include this
value in the tablc would have required determining the probability of
failure for the case B2 = 50. But B2 - 50 is a value seldom found
in mechanical interference theory. Hence this probability of failure
was not computed.

Some of the non-tabulated values are nearly zero a&nd hence have
not been tabulated. This occurs only in the Weibull Strength-Norman Stress
tables. For example when A > 3.5 one knows that (xo-p)/a > 3.5. From
the theory of the normal curve one knows that the area under the normal
curve from 3.5 to - is less than 3 x 10-4 and the probability of failure
is less than 1 x 10-4. We take these values to be too small to be signif-
icant for the mechanical interference theory.

It can be seen that the tables are non-linear for almost all
values of the parameters. This can cause inaccuracies when the tables
are interpolated. The absolute value of the interpolation error depends
on which tables are interpolated. For precise values the user should

use a higher order interpolation formula rather than linear interpolation.
We have not extplored the relative errors of interpolation closely. In
those cases checked, the relative errors are small.

5.3 EXAMPLES OF USE OF THE TABLES

For an example illustrating the use of these tables in an appli-
catidn of the Interference Theory see Section 9.
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!S!TTON 6 STATISTICAL DISTRIBUTION OF STRENGTH

6.1 ANALYSIS OF STRENGTH DATA

Most fatigue testing involves subjecting a number of speci-
mens or parts to the some stress and repeatins this process at various
stress levels. The data thas obtained, known as life data, are used
to construct the cotventional S-N diagram. In this case, the scatter
obtained is the scatter in life at a given stress. In the present
investigation the attention vas focused on the nature of the scatter in
the fatigue strength at a given life. To obtain such data it is necessap
to fa•tgue test all the specimens with different stresses imposed on them
in such a manner that all would fail at a prudetermined life. Practically,
this is impossible and, therefore, i.n the present investigation, two
alternate pethods, dsacribod below, were considered.

6.1.1 Convrsioon of Life Data to Strenath Data

The fatigue life data were obtained for various materials
under various conditions. These data were then plotted on the con-

* ventional S-N diagrm, Here, it is a2sured .that to each specimen of
the population can be attributed an individual S-M curve, and that
there exists for any population of specimens (at fixed test conditions)
a family of non-intersecting S-N curves, which can be determined with
any desired accuracy, each curve corresponding to a given probability.* I

the average S-N curve is then fitted to all the test points on,'
the 8-N disarm usina the least square method. Passing through each
test point draw an S-N curve parallel to the average S-N curve. These vwll
twke a family of S-N curves. (see Figure 6.1). Now if the fatigue

streugtb distribution at N - N1  life is required, draw a vertical lin*
at N a N1 intersecting the family of S-N curves. These points of
intersection S1 , 2., . represent a sample from the strength distr4-
bution at a desired life.! These data are then plotted on the probability
paper as a cumulative distribution function to determine the strength
distribution, (see Figure 6.3).

6.1.2. Stgeanth Rasgonse Test

As an alternative method, the strength response test was con-
sidered. Us, cumulative percentage point of fatigue strength distributions
can be determined at any stress level S by testing a I number of
specimens at this level and counting the fraction of speciens failing
at the preassigned life N. If this. procedure is repeated at different
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I W Least-Squara Li.ne

00

1. -N
Life, cycles (log scale)

Figure 6.1 3-N Diagram for converting Life Data
to Strength Data
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levels, several points of the strength distribution -tre obtained and
can be used for the analysis of strength distribution. I

For example, suppose, the far' 6ue strength disaribution atA life N, to desir-,d. (See Figure 6.2). A large number of specimens,say 50, ore tested at stress level S1  and if only one out of these

50 fails before or at the preassigned life N, then It can be said
that on an average on17 F - 2Z from the lot of specimens have fatigue
*trangth less than or equal to S1 . The same procedure can be repeated
for several other stress ievels $2 , S3, . . . St, and corresponding
percentage points (F . F ) can be determined. These points
represent the cumulative Iel.avior of strength, and can be plotted on the
several probability papors (such as Weibull, Normal, Logistic, Extreme
value, etc.) vith S as its abscissa• and %F as its ordinates,
(leisure 6. "A).

The percentage points of the atrntpth distribution measured
by this method are independent of each other and accordingly the method
of least squares can be applied.

An this method requires testing of a large number of specimern
at any one stress level, very limited data of this type are availAbl.
although recently a method asa proposed for generating such dnta.0
Hance, in the present study tho frtigue strength distributions Wre
analyzed by converting the directly ibserved scatter in fatigue life
into a scatter in fatigue strength, an didcussed in Section 6.1.1,
rather than by evaluating the datat from response tests.

6.2 PLOT OF STIUNGTH DAI:A

In order to determine the distribution of strength at a given
life, it was necessary itest to obtain eupirical data from literature
and other sources (see Sec tion 4.3) and then to plot these data so that
the paraieters of the distributions could be determined. The type of
information desired is illustrated in Figure 6.4 where it is shown that
the strength distribution may be different at the different lives.

The usual methodof..determining this statistical distribution
is to construct a histogram. Thin was tried In the present investigation
for a number of cases, one of which ts shoah In Figure 6.5. This refers
to strength data obtained fau Mechanical Properties Data Center'foi
D6AC Steel under conditions ak follows:

Type of load - completely reversed; Surface finish - Mechan-
ically Polished; Stress Concentration factor -- Kt - 1.0; Text Temperature
8007. Fatigue Strength distribution data at 106 cycles are: 55.3, 57.3,59.2, 61.4,, 62.3 kol.
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PFigure A.5 Histornm: for Fatigue Strength of D6Ac

Steel aL 800 for 106 Life Cycles A
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In Figure 6.5 this data are plotted for 3, 4, and 5 ksiintervals. It can readily be seen that each interval suggests a
different form of distribution. Furrhvmne., •- - .. .
be effective, a large amount of data, well in excess of the data avail--
able in the presen.: investigation, is required.

For this reason, the histogram method was not used here, and,instead, the Weibull distribution was adopted.

The Weibull distribution is of great usefulness in the analysisoz fatigue data. The utility and value of the Weibull distribution re-sults from the fact that it (over& a considerable variety of distributionpatterns, and data which fit any of these patteans plots as a straight
line on special graph paper, known as Weibull probability paper. (Forexplanation see page 44). Although the Weibull distribution provides aversatile means for describing the 11fe characterisLies, it can also beused for describing the mechanical properties, such as, fatigue, tensileand rupture strengths studied in the present investigation, 

1

The-Weibull equation is a three parametric mathematical functionhaving x as a variable. The general expression for the Weibull densityfunction is:

x-Xb

f~x - b x-X0 b-l -~),(.)1

b 0
f W e (6.1

0 04

and the general expression fcr the cumulative distribution function is:

x-X b ri

F(x) 1 - a o (6.2)

X 0 < x <

where, as used in this study,
Xo is the lower bound of strength

) is the characteristic strength, where 63.2% of the pop-ulation have strengths less than or equal to this value.

b is the Waibul. slope.
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Versatility of the Weibull distribution is illustrated in Figure
b.b and Figure 6.7 which show different fouris of ..te .!'Lstrib•utio. for
various values of b. The Weibull slope b defines the shape of the curve,
whereas 9 , the characteristic strength, defines the scale of the curve
(see definition on page 36). It is therefore possible to have several forms

of a particular distribution depending on:

1. The value of b ( where 9 and Xo are constant)

2. The value of 8 (where b and Xo are constant)

3. The value of X. (where 0 and b are constant) .

As to special cases of Weibull distribution, it reduces to the
truacated normal distribution when b is approximately equal to 3.5 and
to the truncated exporential distribution when b is equal to 1.0.

6.3 DETERMINATION OF THE WEIBULL PARAIETERS

In order to determine the Weibull parameters for the strength
data the following steps are required:

1. The scatter of fatigue life at a given stress level, as
obtained from the literature or other sources is converted
to the scatter of fatigue otrengths at a giver, life in the
manner discussed in Section 6.1.1.

2. The fatigue strengths obtained from above are then arranged
in the Increasing order of value and median rank is assigned
to each value as described in the example that follows.

3. The strengths are then plotted on the modified Weibull
probability paper on the abscissa against the median
ranks on the ordinate.

4. A correction is then made to the resultant curve by deter-
mining the probable value of the lower bound of strength Xo.

5. From the c- rye thus modified the three parameters of Weibull
are then determined.

This method is illustrated by the following example.

Material: D6AC Steel, Su - 270 Ksi

Conditions: Type of Load - Completely Reversed Rending

Surface Finish - Mechanically Polished
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Ftigure 6.7 Woelbull Plots for Various Slope* on ,

Weibull Probabil~ity Paper
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Stress ConrPntrat-• n F-z-- K t 1.UI

Test Temperature, 80OF

Fatigue Strength distribution data at 105 cycles are (in ksi):

57.3, 59.2, 62.5, 55.3, 61.4

In order to make the Weibull cumulative plot, it becomes necessary

to decide what rank is to be assigned to each particular strength value.
The lowest strength in a group tested will have a definite percentage of
the total population having strengths lower than this, if the entire popu-

lation were tested. If we knew exactly the percentage of the population
having strengths lower than the lowest in the sample, that percentage
would be the true rank of the lowest strength in the sample. However,
since, we do not know the true rank, we make an estimate of it. We use an
estimate such tOat in the long rum the positive and negative errors of the
estimate cancel each other. That is, half the time we would give the
lowest strength a rank that is too high and the other half of the time!: a rank too low. A rank with this property is called median rank. A
table of median ranks is given in Table 6.1. The test data are then

arranged in an increasing order of value and the appropriate median ranks
for sample size n = 5 are read from Table 6.1 as follows:

x, Kai Median Ranks, %

55.3 12.94

57.3 31.47

59.2 50.00

61.4 68.53

62.5 87.(J6

These data are then plotted on the modified Weibull probability
paper as shown in Figure 6.8, curve A.

I
In plotting these data an assumption was made that the lower-

bound of strength Xo (i.e. the minimum strength that can be expectud in
the whole populatlov) is zero. This is obviously not the case, as
mechanical parts must have a strength greater than zero. Therefore the
next step was to determine the probable value of X . This value should
be somewhere between the lowest value of the sample (55.3 ksi) and zero.
As the first trial therefore assume that X is 35 kui.

00By subtracting X 0from the original set of data, the follow-

ing is obtained:

Sj --
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Ii

(x - ,o) Ksi Median Ranks, X

20.3 12.94

22.3 31.47

24.2 50.00

26.4 68.53

27.5 87.06

When these are plotted (Figure 6.8, curve B) the resultant curve
is not a straight line. Therefore, other values of X. are assumed, and
the s•me procedure is repeated until, for a certain assumed X., one can
best linearite all the test points. In this case the best line nearest
to a straight line is for X0 - 50 Wsi curve C. Through theus points,
then, a straight line ts fitted using the Least Square Methods

The 7alue of (N - X ) at 63.2% is read off to determine
the characteristic strength 9t

a - x at 63.2%

(x-X°) 63.2%• ".. - 61 w 10.3 Kai
- Li * 10. ' K1si+•

- (x)63.2% - io -l0.3+50

- 60.3 Ksi

The Weibull slope b Is determined by drawing a line parallel to the
straight line of XO - 50 au4 pasising It through the pivot point. The
point where this line intersects the Veibull slope scale is the value of
the Waibull slope. In this case, b - 3.0. Bence, the Welbull, parameters
for the given set of fatigue strength data are:

X0 - 50 Lai

0 a 60.3 Kai

b - 3.04/
The analytical form for the corresponding WVLbull equation i•:
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( x ) -; _,So ) 3 .0

ea

These parameters were tabulated for various materials under various
conditions, (gee Tableoppendix .4on the basis of all the available teat
data obtained. The most representative parameters were t.hel tplotted, as
shown in Figure 6.9 to Figure 6.115.

As stated on page 36, one of the advantares of the Weibull distri-
bution is that it plots as a straight line on a Weibull probability paper.
This is shown below:

Equation 6.2 gives:

x -Xb
(0)1

7(x) •- 1-. 0

b
x-X

--0
or -

lnnLn [I ],- b In (x-Xo) - b In (0 - 0o)

This equation ha a form Y - b (X) + C vhieh represents a
straight line with a slope b %nd intercept C on the Cartesian X, Y
co-ordinates. Hence, a plot of Inln 1/1-7(x) againot In (z - Xo) vll
also be a straight line with a slope b.
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6.4 GRAPHS OF WEIBULL PARAMETERS

Weibu: 1 parameters 0, b and X. for fatipue strength determined,
as sho%,n in Section 6.3,were th-n plotted "Aaixst life on log-log scale
for various materials including the iffect of heat treatment, ntress
concentration, Cemperature, type of loading: surface finish, etc. Weibull
parameters for tensile etrength. determined in the same manner were
then plotted against temperature on Cartesian coordinates for various
materials.

For case of locating specific information the following Table
of Contents is offered.
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'LAANING OF SYMBOLS

S,1  Ultimate Tensile Strength of Specimen
Sy Yield Strength of Specimen

a Char...cteristjc Strength ka-!
X0 iLower Bound of Strengthjksi

b Weibull Slope

T of L Type of Loading
R Rotary Bending
P Plate Bending
A Axial Bending

Spec Type of Specimen
V-N Vee Notched, Flank Angle 600
H-N Hole Notch
No-N Unnotched

Sm Mean Streess kai

Kt Theoreticil Streua Concentration Factor

Melt. Type of Melt Practice

Sec. Op. Secondary Operation Applied to Test Specimen
T.I.G. Tungsten Inert Gas Welded

Surf.Cond.Test Surface ConditionS.P. Shot Peened

C.P. Chrome Plated
C.B. Chromed and Baked
M.P. Mechanical Polish
G. Ground
Scr. Scratched Mechanically
N.P. No Preparation to Surface

H.T. Heat Treatment Applied to Specimen
W.Q. Wator Quenched
A.C. Air Coaled
O.q. Oil Quenched
Sol.Tr. Solution Treated
Temp. Tempered
Aust. Austinitised
Norm. Norma lized
Cond. Conditioned
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INDEX TO GRAKHS OF

WEIBULL PALMETE RS

Material: Fatigue Strength

Weibull Parameters

Material can be found:

Page No. Figure No.
E. AISI 3140 Steel
Effect of Stress Concentration, H.T. - K3  51 6.9

Effect of Stress Concentration, H.T. - K4  52 6.10
Effect of Heat Treatment, Unnotched 53 6.11
Effect of Heat Treatment, V-Notched 54 6.12

2. AISI 1045 Steel
Nffe;t of Heat Treatment, V-Notzhed 55 6.13
E~fect of Stress Concentration, H.T. - 56 6.14

3. AISI 2340
Effect of Heat Treatment, V-Notched 57 6.15
Effect of Heat Treatment, Unnotched 58 6.16
Effect of Stress Concentratioe, Oil Quer:h 59 6.17
Effect of Stres Concentration, Air Blast Quench Temp. 60 6.18
Effect of Stress Concentratica, Air Blast Quenchno 61 6.19Temp.

4. 4140 Steel

Effect of Stress Concentration 62 6.20

5. .DIAC Steel
Effect of Temperature, Kt u 1.0 63 6.21
Effect of Temperature, Kt - 3.0 64 6.22
Effect of Temperature, Kt - 3.0 Sm - 30-50 kai 65 6.23.
Wffect of Temperature, Kt w 1.0 Sm - 70-80 kai 66 6.24
Effect of Stress Concentration. T - 800F 67 6.25
Effect of Stress Concentration, T - 4500F 68 6.26
Effect of Stress ConcenEration, T - 5500F 69 6.27

6. -11 Steel
Effect of Surface Tzsatment, N.P. 70 6.28
Effect of Surface Treatment, N.V. 71 6.29
Effect of Surface Treatment, Protest Exposure at 375°F72 6.30
Effect of Surface Treatment, Pretest Exposure at 5000773 6.31
Effect of Surface Treatment, Pretest Exposure at 7500774 6.32
Effect of Surface Treatment, Pretest Exposure at 1000075 , 6.33
Effect of Beat Treatment, N.P., H.P. 76 6. 34
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Effect of Heat Treatment, S.P., M.P. 77 6.35
Effect of Heat Treatment, C.P., C.B. 78 6.36
Effect of Heat Treatment, S.P., C.B. 79 6.37

7. 4340 Steei
Effect of Heat Treatment, V-Notched, Air Melt 80 6.38
Effect of Heat Treatment, Unnotched, Air Melt 81 6.39
Effect of Heat Treatment, V-Notched, Vac. Melt 82 6.40
Effect of Heat Treatment, Unnotched, Vac. Melt 83 6.41
Effect of Heat Treatment, V-Notched, Vac. Melt 84 6.42
Effect of Melt Practice, V-Notched, H.T.A. 85 6.43
Effect of Melt Practice, V-Notched, H.T.B. 86 6.44
Effect of Melt Practice, Unnotched, H.T.A. 087 6.45
Effect of Melt Practice, Unnotched, H.T.A. 88 6.46
Effect of Stress Concentration, H.T.A. Air Melt 89 b.47
Effect of Stress Concentration, H.T.B. Air Melt 90 6.48
Effect of Stress Concentration, 1I ".A. Vac.Melt 91 6.49
Effect of Stress Concentration, H.T.B. Vac.Melt 92 6.50
Effect of Stress Concentration, H.T.A. Vac.Helt 93 6.51
Effect of Stress Concentration, T.B. Vac.Melt 94 6.52

8. AISI 4340 Steel
Effect of Heat Treatment, Hot Rolled and Lathed 95 6,53
Effect of Heat Treatment, Forged and Ground 96 6.54

9. Thermold J.
Effect of Stress Concentration 97 6.55

10. Fe, 5.5%, Mo, 2.5% Cr., 5% C
Effect of Stress Concentration 98 6.56

11. M10 Tool Steel
Effect of Heat Treatment 99 6.57

12. 321 Stainless Steel
Effect of Stress Concentration at 80°F 100 6.58
Effect of Stress Concentration at -320oF 101 6.59
Effect of Stress Concentration at -423 0 F 102 6.60
Effect of Process at 80°F, Kt - 1.0 103 6.61
Effect of Process at -320oF, Kt - 1.0 104 6.62
Effect of Process at -4230F, Kt - 1.0 105 6.63
Effect of Temperature, M.P., Kt - 1.0 106 6.64
Effect of Temperature, M.P., Kt - 3.5 107 6.65
Effect of Temperature, T.I.G. Welded, Kt - 1.0 108 6.66

13. A-286 Stainless Steel
Effect of Temperature, M.P., Kt - 1.0 109 6.67
Effect of Temperature, M.P., Kt - 3.5 110 6.68
Effect of Temperature, T.I.G. Welded, Kt * 1.0 111 6.69
Effect of Stress Concentration at 800F 112 6.70
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Effect of Stress Concentration at -320oF 113 6.71 1
Effect of Stress Concentration at -423°F 114 6.72
Effect of Process at 800F 115 6.73
Effect of Process at -320°F 116 6.74
Effect of Process at -423oF 117 6.75

14. Multiment N-155
Effect of Temperature, Axial Load 118 6.76
Effect of Temperature, Rotary Bending 119 6.77
Effect of Surface Treatment, Axial Load 120 6.78
Effect of Type of Loading, 12000 F 121 6.79Effect of Type of Loading, 13500 F 122 6.80
Effect of Type of Loading, 15000 F 123 6.81

15. Multiment NI-155
Effect of Surface Finish 124 6.82
Effect of Surface Finish 125 6.83
Effect of Surface Finish 126 6.84

16. 17-7 PH
Effect of Stress Concentration 127 6.85

17. Duralumin
Effect of Salt Water Corrosion 128 6.86

18. TI-6AI-4V
Effect of TemperatureU.T.A. 129 6.87
Effect of TemperaturesH.T.B. 130 6.88
Effect of Heat Treatmentl800 F 131 6.89
Effect of Heat Treatment 9400 0 F 132 6.90
Effect of Heat.Treatment 6000 F 133 6.91
Effect of Heat Treatment 1 800F 134 6.92
Effect of Heat Treatment,800 F, Sm * 82-107 ksi 135 6.93
Effect of Heat Treatments4000 F, Sm - 30-42 ksi 136 6.94
Effect of Heat Treatm6nt %4000 F, Sm - 77-100 kat 137 6.95
Effect of Heat Treatment,8000 7, Sm w 40-64 kit 138 6.96
Miscellaneous-Effect of Mean Stress 139 6.91"
Miscellaneous-Effect of Mean Stress 140 6..98
Miscellaneous-Effect of Mean Stress 141 6.99
Miscellaneous-Effect of Mean Stress 142 6.100
Miscellaneous-Effect of Mean Stress 143 6.101
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Ten31le StrjeHLth Page

1. Low Carbon, Low Alloy Steel, (Killad) 144

2. Low-Medium Carbon, Low Alloy Steel, 145

3. Killed, Low Carbon, Low Alloy Steel, 146

4. Low-Medium Carbon, Low Alloy Steel, 147

5. Low Carbon, High Alloy Steel 148

6. Low Carbon, High Alloy Steel, 149

7. Stainless Steel (17% Cr., 12%) 150

8. Low Carbon, High Alloy Steel 151

9. Stainless Steel (25% Cr., 12% Ni, 2% C) 152

10. Stainless Steel (18% Cr., 8% Ni,,.8/.Tij (.04-.09)%C) 153

11. Stainless Steel (18% Cr., 8% Ni., .8% Cb,.06%C). 154

12. Stainless Steel (18% Cr., 8% Ni, (.02-.09)%oC) 155

13. Stainless Steel (18% Cr., 12% Ni, 2% Mo, .08%C) 156

14'. Stainless Steel (25% Cr,, 20% Ni., 2% Mn, 2 Si,.25% C) 157
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FAT=GU 8TRENOTH

AISI 310S ~1o8 ksi Sy 87 ksi

EffIect of Stress Concentration

I- t

4- t t h

I* *~ 11notdhed

Rotary Beam Bending Hot Rolled, Lathe TUrned,
* Room Temperature Hand Pol.ished

Compositiont Mean Stress - 0
.4% C, .80 mn, .0 Sim, Beat Treatment:
1. 2$ Ni, .6j% Cri, 1C:e Pm 98,[-t

Figure: 6.9 (For Tabulated Data See Page .207)
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I k

Effect of Stress Concentration

H A i .L

I - - I

~l i V-j~notched ~

Rotary BeaR BendingV-not:Ro2ed, ah und
Room TeperatIV ~nolad P~sd

Compsitin: ean tr~u-u0

.~~~~~4%~~~~ C,.1n $ SHa ~ a~t
i~axi, 6~ r~ K:' S P~.. l 9 i. .71

Pigure: ~~Ifno 6.. (7o TbltdaaSePaged2
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A.I8I 31140 SU . 108 109 kul Sy 87 , 75 ksi

Effect of Heat Treatment

T .1

L. 4

I.. V.i -- 4-

.1 -. I. 
I

E81Y .am szidflggot Ro2.Jedp Lathe Turned,

UnnothedMean Streso w 0
*oostio U,.sxi,. ±It Treatmati

4# C...80 Mo .3081 1K Kj4: Se*.Pa 198, Item

Figure: 6.11 (Pbr Tabulated Data See Page 207)
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TAT=~3 W

AT~qT M1I1f ;Sol,# *-.
su L7 A a FL VJ5IJA Id

Effect of Beat Treatment

t~f

4-4

K IX

Rotzy eamBeningHot Rolled) Lathe Turned,
V-Notchad Hand Polished

Composition* Mean Stress a 0
ofc 08$ Mn, 9% Si Heat Treatments

1.2% Nip .6,%C orbK2. Se *an ?a"I" Itemi
Yigure:6.12 (For Tabulated Data See Page 20t.P)
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AIBI ID5Steel B.U: K, 1 0O ke±, K2 120 ksi

Effect of Reat Treatment

I 2

-K2

+1~JI ......

x

Rota~r ela enAng Ht RU~ed Lahed
V..Nochflnk nge 60Had Plihe

Cosaositon: ean twes u
*1~~,O% , .0.90 KnbatTream2n

.014% ~X. P .O% m. B .. a~e 98,4m

Figre 613 I~ Tbuate DteSeePae-O8
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AIST 1045 Steel re, 
u8k

jZjjf..1;ofH J Stes Lnenrt

If -T

Rotar seam Bendn8 lo foild, L t hed

Room T mi~ertureoPliahd

C o m p o ~ tio : M e n S t e ssd

ROOM atedeDat See Palq'2v

compsitin: MaA Sres
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FATIGUE STREGTH
A2.Sl 23140 Steel Su- u16 -122 ký!ij 8y 76 96 kai.

Effect of Heat Tinatment
T 4

L1 !LLtI
4- Xt"

Sj.ffý L T Jj - -AC

C' '
Rotary~e1 B 4,n o oldLteTre .

V-nochedHan Polshe

ComosiIo: 1ea 8trea- -71 11T q-I
57

J'A~, Li.
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FAIGUE STRENGTH
AlSi 23bi Steel s, 116 - 122 ksi. S.. m76 o 6 k,%4

HT-C) ~'

MIm

Fiur:6.6 (FrTatlae Dt Be77e~l,

HT-A 58

HT-B L-LLLL
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AIS1 2,340Steel su 6 ksis±9 s

- ~ Effect of Stress. Conentr&7tio

4

i A

I ~unnotce

I .

R(ota~ry Beam Banding Hot Rolled, Lathe Iurne'I
Convuitiont H=&, Polished

UnknwnMean Stress -O
Heat Treatmenti
A = oil quenched from 1450'F,
te~pered at 120097

Figure: 6.17 (Ibr Tabuzlated Data See Page.ý 210j
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FATIGUE STRMIGTH

AtS1 2340 Steel Su 119 kai, By -79 kei.

Effect of Stress Concentration

um ed

.7 -7ýF!

tvnoce

quennched ,bli

60
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A1SI 2340. Steel Su 1~22 kai, By76 kai

t oi' reau Cop~az~

unotlled, I

-notch~erd_

fiue f.1 4lbr Tauatd Dat Se P.2

.,b
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4140 Steel SuIO~ 135 ksi, Sy -122 ksi

Effect of Stress Concentration
I T- w-

LI

unnotched

7* ~ 7 4 T

Vntched

1% *unknwn fr V-otchd Az t cbe1550

Standard 4140 riguriet6.20 (For Tabulated Data 0ee fP , eilO)
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FATIGUE SMGTHWO~

stool au Si270Oksi, Byin 2 371 iA4

Effect of Temperature

i~.I 4 4-OO'1

4

Iia ir

Axial Load, Completely Revrsed No~t Rolled# Polished

Stroew Oona. F'actor St w 1.0 Wan Stress = 0

cc4mostiot1ý see yaqp L295, Isn~ Heat, Treatuent 3
*see Pagea 198,'Itm 6

1'igure:6.21 (lbr Tabulated Date So* &Pege2')
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DEAC Ladish Steel. OAIU hzi,!fl S- 4 n

Effect of Teweoratiire

7- FIK

5 OP

4 {4.

It~1

4POOPI

eA~t Treatments
*Ie*Pge198, 1.9o 6,

Figures. 6,22 (Pbr T&am1tod Dlate So* Pape23
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~AC ~dih StelFATIGUE STREQTHD6AC Ladis Steel Su 27OkE±, BY 2 3 7 1(Ui

Effect or Tuevewature

.1.L "A~

~1' I 'll' 1  t 4  5L0? 4

-*-7 t~ ...7 .........

C.4-

I4

Axial Load )1bt BoLLed, Polished

Str'ess Cone. Factor Kt 0 3.0 Meani Stress m 30-50 kei

BCompomitionl, 964j"O 1986, li 4 ýlmat Treatmiamtt

ligun:6.23 (ftx Tabulated Dlate See Page 213)
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DeA rAdijh Steel -AI T OH k 270 kmi5 Sy -237 ksi

Effet of Tgqoratuzre

80*

t 4 

--1- 
I 44+I

fill~-

TTH I

Axial loaded N~t Raileda ?o1uhed

stress OonalPO. Xoto K~m 0 Wom Stress n 70-80 1cii

,CastcAW V~o ps ,, 'i' 1 Host I~tm

Pigure: 6 4 (lbr Tabulated Data 8m. Pae!2W~
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D6AC Ladih Pteel Su 27ecti Sy 237 kni

Kt .. 0,

4 .. '. . IL

-t ..~ -. . ....... 1

Y*t

i 4.I

Axial~~~~~~~ .o d .~iJ~tl .ee e .o .ol d Po.i..e

.b , ...
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'ACLadliuh Steel FAIU TMT u- 270 ksi,ýS 237 ko

Ettrcbx.of Stress Concentrationi

- r 4.. ---..

TI _7oiupoit53-08
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4'

i~~ffer~~~t of3teB 0cetato

4 1LiI~1~4S..4L. I I

W ~~7f77F t- ;i~o

KeO]rt~ u50 g. n t re ut a .0 "

Axil oao gomleely 6.27 (a Haolte Da olled, Polised23
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Effet ofOurface Trerkteflt

177~ 4 1

-
4N

- Ji T I

I U. i

~8:OH '-: b- 414

4 lo

Rot~r BrnDeJ.6got Rolled,. Lathe Turned

Mean tre~ -0Grainf Direction ij Trasnverse

meanSp it r±O 0 to Length v i me A xi r.
Ccopsito uxrface freatma~ft Cod'.

,% Cr, i.% Mo$ .64 V See Page 46 1

--"ialNet Treatmenta
&to page 199, Iteii 7

(7cr Tabulated Data See Pa.ge 214)
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FATIGU3E EEMITM

E-1.1 Steel Su 272 kni Sý 228 ksý.

Effect of Surface Treatment

NO rep

SP-cIBf W 4

4-,1

.+l

14

Rotary Beam Sendling Hot Roll.ed,? bathe Turned
Mean Stream - 0 Grain Direction Traneverne

* Composition: to Lengtbriaes AxisB
Cr 1.ý5O%)Mo, .4$% Vj, .3 C Surfaeo Treatment Codee:

Bee Page 46
No Pro-Test Conditionring
Initial Beet Trepatment:ý

Sea Page 199, Ttam 7
Figure: 6.,9 (PwTabulated Data See Page 214)
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~~-u stesi ~FATIGUE ~EX1B~22u

Effect of Surface Treatment

.44 .. .

i ~ ~ L ;, ..-7

~~~~~5 CrT ..~ .o .14 ..~ C .u c .ramn Cod..

-e. T-134 .

S72.
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?AZGZ ~i~O~ ~-212 ksa. B 228Bk~i

141 steel.
Wfect, of Swrfeoo Treatment~

44 - 1

kL

.. . . . . .

lot ftOLJodo letle Tam~ed

lAot~swy seen banM4n (Wain DIrect iw Trauns*e~
Kpon stress .0 t ~~h~*A

%Cr, l.%WD, 14V, .,%C 8agfo froatSt Codet
Crj .% M., 40 T 0 fs pgeep -4 6

3jpad'4e br. at ýW*)'
Znstial Best TrOOA3Mt,

see ?40 s 9,0~ ItU 7

fpigue: .. ) (yor TsbUlated Data 'SOO Per' 214
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TA-IO SI 8 1 2 72 ks i 8 y 228 ks l

3fftat of ftrface Treatant

4

Lit,

Rotary Um Do~1naf W~t ftU1,I rAtl !Tw~d
Mea ~whuo Grai.n DkwotinTra n tsverse

Ocasiim to Zaagthinu Axis
V# .00 kafase -TB-tobtO~

lai~d 4 Iibw. at MOPV
ultia4 lsat T~wiooksi

P~g~ri~J (?oe !ab~datod Data Sa Pap, 3A
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ILu B272 ks1 By 228 ku±

affect of swrface Treatment

I

- T

T417j~

Iotata Dans IMM~U4 Hot RoLled, Lsths Turned

Yban stross 0 Grain DMitatioxi Truulverse
ccspoat~1m~:t6 Le.,~igtme WeI

crv YA p vp vulaesTetet Cressnt

I~e . br at ,,.-
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1. 11
]ILI

11 4 si

41 . 11 f Ir

1 1F T I

mean Stiele mi 0' &OllreaSif WTft~e wansuw
cq~'* to LeqNhvhN AXIS

" 10.40 I at:at

fta~etg cami"t14a cad#$#2n

Ussa 4 t'a .8se Pq 213)
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Su-.J %,272 ki Sy 228 kei

3Z3~q~ Heat Tr.atminat
~ ftesut Conditiun±D) 1

Hi
I LI

Rotary Boa B3sA:8.uHA Ro1alid&, Lathes Turadus
mon az t"" 0 0 Grain i )rq~t'oTT&Umv~rbe

emoostiontto Lemattmise AxisLii *IV, 8bt-Peened-*Sabofl±Ol Polish
?"to"t cona4tiontj CoAs

see pf"p 9, ft. 7'

.1pimet'633 (Tor Tabuiastad Dsti7-sei qSg 2i)
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~~ FATIOU 82REMM
11-1. seelS~u272 koi Sy 228 kei

Effect of Seat Treatment
rettest Co~d1tioning)

I 50

001

rIi

p..

RotryDea Mndlg ot RoeoLathe Turn~ed
MenStream = 0 GonDrcinTronsiveire t

Camcitpoultn Langthvlue Ai
Or, 1 o5%.Koo Vp .3ý C Surface Treatuenta

OMww Plat~ed-Cbroms Ikked
Protest Coua4tiou1ng Code:

See Page 46
Initial. lost "IMI,

see page 19f, -
YU4F1.ur.: 36'', (Ibi Tabulated Data Sao Page 215
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R-212 stool. S, 3fe~ o et272 kai. Sy 228 kal.

it )Codito.
2 till : iI~ij!Titfl

7-:0D .N I .............

I,4 4r .1j

AwI,

1ROtsry BOOSa Slediza Not Rollado Latho Tarud
Meani Stress a0 Grain Direction Traviiavrse
Ccommition2 ,., to KuuSUIVise Axis

e S~.1ot-?eeipd-Ohnoo Dke
jProtest Oon~itioxing Codel

set Page 4

liguze S6.* (7'oi Tabulated Dati W3e- ttep 115
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143140 Steel WATuU -T~GT U 2Z46 ksi
5UB = 222 ksi

Effect off Heat Treatment

-tt

I i-A ~a

Ros7Deem Dendirag, Lathe Turned.

WeltPratic: Ar Hlt. VauumARCV-notched, Flank Angle =600

remelt

Cc 'Oaition: Wean stress = 0
(737-6144 % , *55-090)% m.
(20-.35 % q S, 1.55-2.0)% Nj Heat Treatment:,

(-.65- .95 5i 0 ý, 20-.30)% l~ ~ See Page 199, liem 8A

Figure: 6.38 (Pbr Tabulated Data See Page 217)
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I

FATIGUE STRENGTH .246 ksi

113)"', Steel Suj^ 222 ksi

Effect of Heat Treatment
F - T -T III

tit'

- - I-: ' I

S....... ' > 4 ..•. *• * ' • •
"Ii i ! ; :.... ,-

-. A.

s. - .•P, .... . .

'A"

4 J1.... . A - . ._.1 ..,.,

-B~

: I ' t 2 .. A :AtI 2

Rotary Bean Bening Lathe .Turned

Mechanic~ally Poliahed

lt practice: Uhnfotched
Air Helt, Vacuum ArC R01m3.t
Conoition : Heat Treatment:

C ., •.55.90)% See Pu•,. .199, Item B.A

(. 5- 9 Cr.. - ! ---1--1--o-

Figure1 6.39 (Pr Tabulated Data See PTr ed=7
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264 ksi
-1'TG' ;'A~f S UA pC, X'-

)43~40 Steel

~ot~ *t Treatz .. I

IV-A,

I T-A.*

110taxy BeamBn' 'n 14chanically polished

Copsto;See Page 9.t0lB
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FATIGUE 8THM(FrH
k4-24 steel u 6 a

S - 2o6 ka

Effect of Heat., Treatm~ent.

NT-A

j~44.

ix
t

VacumIndct.... malt *an trs TT= 01

(.65-9.5 Cr,(-20-30)

1'blt..4 (ot Tabulated: Da~taSo P 4Y

Vacun Znuotin mlt Nan Sabeu u3
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4j140 steel ~ UA a 280 ksi

E±ffect. of p~eat. Treatment U

1. L~ AT it~

A.j ..4 
"4

Rotary Desm4

.65-.95 6o, 20.-30)KM Heat frextvlý fr- see page

Piguret6.42 (lbr TatbulaedData! See Pg,
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7ATIMN 87RMTH

4340 Steel s.._.2 " 6ksi, s,, 268 ksi, *uo 280 ks±

f Effect of Hult Practice

S~It 1

ILI

Rotary Boom Bending Lathe Turned i Mch.ftlished

Jb:1t practioe: I .' -

B ee I Pag 199 , It em 5A I o- toihe
mitnC, !at Treautmet A

(.2O-.~ )~S,(1. p--too Paeels 1199$ Itm 8A

Figure: I . 3 (Ibw Tabuaiated rets. sePae po to)
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I4*0 n.661 FAIMSRM

Lii Iffot or ihit Practice

Mechan~ally fllsh
bl zatloe:acPg 9,Iu A ~ iSze

0~ut~ollVnoo

.3 7 -Ih7 C 4 J iNs saamtISePg

.20-.3~ S.4 . 20 N 19 t

(.65.9, C~.20.;~0) Ked ~a Se 4

QI6

7..q~ T .
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I ~wtOat or wilt Pisotict

hfff- T-

7-

It-L.

.1", 14"

.26-50, x3M

*lbpT& 
& t Date We opg9
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4340~ Steel YAIGE8TDT ~~ 2 22 kui,S~U 207 kni

Siffect or MEelt Practice1

4 L 1
Ar -4.l

'fmj A-:F-ff111 [-LI

...... .4-. .

It

Rotary Been Sending rteTurned

(.37-.i.44) CO 35-"9) V, Hesat TreatmyxtiA .as* %
(.2 ~ 810p 1.5(i5- .0) N1  )1991 Item #A

ftgmwt 6. 4 (For Tabulasted Data See Pqtei218
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4340o St.e. FATIGUZ STRMOM au S,,246 k~i

~~V.

H.L I I¶NO

IL 41 I

Rotary Bem w4±4 Lotheb. e

Air *I-au A. ijtit waslsressd

(37--.k C D 5-.9)K Ai IoiuI&1so 15VO',p OQ,
~.2o0..3 Ij (52 ,0)jkL ?6Wr. )400*ro Air C0ol1

RSVOes 6.47 (Ira'TbastO Mes gee .s

Downloaded from http://www.everyspec.com



41W

Su 222 kai
Effect of 8 tress concentration

] t

44

iBotwy ban Bending Lathe Tow
MechanIcally Polished)4olt PractIce: Air Mal~t VI=A ireHea T*Oatmwit:

Composition I Ifotmal mor

:2().:35 Si4l1.3-.2o5*

FICUres:6.48 la Tabulatgpd hata age pap t1U)
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Iffeat of ftrems 00oontrftiof

..'.I 
T- ..- 4

v-AsWma4O157 
Q

Rotary Dow (1Wdn Al~'v6Twa Ot.. Umc*9

37 -4- 9-
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4340 Ste ATIGUE SmENGTH
Su 207 kui

"4{ Effect of Stress Concerntration

v 'N

IL

N-4.

.5.

Rotary~~~ ~~ Iem io 4 nL t e T r e

SjY ea Ae.n...ing r qLathed Turedpr t75pA
~1gu'e:,5 ~ (X~, T uMech at ia ll Seelisehe19

""Otc's VCUM Iducio Mat eanStess-2

C o p s t o :He 

t T e t e t
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I43I40 Steel s 6 s

Effott~ of ftresu Concentrationi

-t dLI4 LN11T+ T v

4V 14 .V{

_NT*ý_ il1:T

IL hILIfrgtit

Wit~~~A 'racmicu. vauu xCALsWi

(.20-43 00 Mpe. ~4.OQ*W x

Fi&M'~ 6 51 (3b* &bialated DMAt See Pw21
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430Oteel suA1''T 2o6~NirT 3mOksi

E±"fect or utress Concentration

No-N

lt. toi7N

. ~~V-N -

-I

X(I

II C.

Rotary s~eam Bending. Lathe Turned

Melt Pi'act-'.ce:. Mean Stress -0
Vacuum Inditction Melt
Composition: Beat Treetmn.

(.7:4% C , (.55-.90)%. NM1  Q..B: Mormalize 1559O F.,Quenched,

(.20- 35 %Sji, (1.552 t jrap.750; AC

3?igure, 6.52 (Forftabulated Data See Page 219)
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AI81 4340 S3teel 
O -a. .

Effect of Beat Tre~tuutw -

T.C1

~ .1.

t

Rotawy Ue~ Dndi~ll Dot RLe u Lte

Rotary Bo Bendin got4.0 RoldtnDLat

.6owasilo Tttesnd tt sePge 'Po q 19,)
.37-44 C .igoom

020-3% sp 1.5-2,0 li
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AI-si 4.vo stee3. BAIO TKI ? u D -275 kei.IE290 kai
Effect of Heat Treatment

H +177r ~ **.4!
* **HD,

- , . . .I

"7 4

*~~Lii ~ ~ ~0l LJ*.P t~t

Rotary Beam Band¶ing Forged omd. Ground
Stress Cono. Factor Kt m1.0, Mean Stress w 0
Composition: Beat Treatment:

C, .559oo% MZI See Page 1.99, It.wn OB
.20-.35% Stj 1.520 Ni,
.65-.95$ COjt .2o-.,'Oý Mo

F~igure:6.54 (For Tabulated Dat See Page :220)
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FALUM SIOM !

Thezwld J SU 294 kai

Efect of Stress Concentration

I

Axial Load, OC~aqstely. mee~ ean S~troeu 0
? Kest Treatment:
C.~sttSn4S~PAR; 1910t item 9

.3T..I440 00 Y>-.90% KUn .20.."$ 81

-5ý4-.0% Ni,, .6-%lr .20i.30% No
- I . Flew:16.55 (Ar Tabuilated Data See Page hI. )
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?ATM=E81~KI

Fe,~~~s ~ .%r 5C31~4 k.3 1 um267 kai.

Xffect of C1tresil.onoentratlun-

2 Mi -IT FFl !r nI~i

IOU p
460P4A 4 -47-{:..FY 9j

V-.wtabo

i IT -
= . . 4

4- 
L--

7 4I A-

itotary Boom Dendir* Fozrgedt evaed

V.notcoh: Kt u 2.6
EUnnotabedi KXt 1.0 Mean Stre.a w 0

Compositiont Heat Treatmnt:

Figuz'.s6.56 (lvbr Tabulabed Dets, See page '222)
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K 1-10 Tool Stool 330 k*

Err**~ of 2m"t frament

LLLL

T 1 i

Sfress:.Canc. Factor xt 1.0 men orom&sa 4.LteTUDd

pigue:044 37 (7 auaeiDais So* p4" '27
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32). SAIA1.25stoo Effc 86 ksi.3St38. a

....... . .L L [... Kt ,
I. Ai 100' V

IiIT

WN...z-tf.

. .......... . .

I..... -.. i

Axial 14ad, Compliftely Reversed .LLI(
Tsqprture 800./ien t~e

L§1 1% Wis, 9% hs l% Ssi Not Roia649 Annealed

ifigur:6.38 (Por Tabul~a~ted Data See PAW6224g )

100.
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3el Stainlus s i StoolE3 Su3 86IIs B 3
Wfet o OtessConcentration

0..A

Axial Loadq Caqp~t.1y Rsw.o"d _Xw4wclcjjy ?.Uishd.

Demwmtuze - ý30pman Btftusi 0

?isuwn6.S4 (faa' Tabul1ated Data 8.0 pkg0 2'ý4

. j .~.. 01
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Val ft~al"I &ad& q IAI~ vimNR =--i.. zl~

1.1 . ~Iffeat of Stream ComnaOtaatmionI

II

ji~ýJ -4- .

A >al ImiCmltlyRvre *

tlot

Downloaded from http://www.everyspec.com



3e2. atelfierns ""1m B,,86 ksii B 3Lu8 kmi

N*fct of Process at 80" F

-T T

* I4

"T! !11 T

-2I

tie..

'xia r~sj# C*U%*Mrvased aignen Inert Gas Welded
Nammca13.y 'alldUQita

Camposiltiont otfe-:tký xmje

18%.4 100o NI., go wo 10 fi,' Not Eoll.4 Aamlaed

1igurt6.~1 (Ift-Tbulated Data See Pape ii'
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~i ~irj~s. ~eei.FATIGUE STi.R ~kii=

Effect of Proceba at -320"F

LI~~~. 411w.'4H7~14I

r ~ ITIG

i . 1 .4.

...............................

I-.'L4~.~ ~!:~ '

Axial Load,, Completely Reversed aI Twvfston Inert-' Gas Wielded
HPaMechanically Polished4

Streso Canc. Factor Kt w 1.0 anSrsa0

Compouitiont Rest 'Treitt.snttseA Fig.200 itam 12

26ip1%Ni 9 -0 Mn, 1 81,0 fot Rollado Amiet%6d'

Vigure .66.02 (Fobr Tabu.a~ted Data Ne* Nge 22A4

!04'

"____.
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FATIGUE STMN3T
3 21 Sta'2nlesa Steel siu 86 ksi, Sm 5.. 8 ksi

Effect of Processa at -1i23o

LII

7-

Axial Load, Comupletelyr Beversed TIG - %nesti~n Inert Gas Welded

MP r Meclianlcally Polished

Stream Cono. ?gvctor Kt a 1.0 Mean ktress w 0

COMr)MIti1ori Best Trotem tiasstSe Pipe20.0.Itemn12
Er~o 1 30% Rij, 2% Mn, 1% Si, Rot Ralledp Annealed

Figur~e: 6.63' (JPow Tabulated Data L4e. Page 24
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4. I
m I

b.U

~j~jjeSU Dt ~ ~ E~fect f ~ep~ra~~'

I- iso

Comlet3:fRevrse Meriaica Poish.-

Axigi~~~ L o d r a t r K oN a , S re s 0 0 s e P g -2 0

* -32O.F'em

stress~~ Ceo eaF=ste-* 3d 2

S1r8f C one 10f t~ Ktp 2* 14n, Sir t e 6 e Pg 0,1

~ .08* C pig . 6.64 (For TebUlated D ata See Page 2 4
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VATIGU M~IOM~

32Btainless Steel SU -86 kelp By 58K2 keI

4 -. -- J

70 wsip
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FATIGU~ E1T 11Rr-Mv
321lStainless Steel 

. u s 86 kei, 8ý 368kaj

Effect of Teoprature

-423*F- I

-320O

e.. .i 4

A xi l oa , C m p et ly Rev rs d ung te I er 0. W ld dStes Cri. acor1-32.0Men01ra.*

CAx iiaLoad: CopeatyReere Trneatment:nrf as Wael200,d

18* r1 10%. Nio 2% Mn,. NSfot Rofledj, Annealed - Item 12.
.08% c

Figure: 6.66 (For Tabulated Data Bar Page 225)
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A-286 Stainless Stee..TMSiIM mg &9ksi sy 46 ks±

Zffect of T=Wergktu~re

. 3* _444. I-

4 I

4J

-- 3I

+ I

.3900 rTU

Stres aCam.Foctor Xt a1-.Oef M e" 0

Cc~sti~i ENut =U pat i~O.jte 13
Ow,26 1,]..a% yap 2 Tip, MUelt~ @do~ got 312*1

.2% Al

ligme6.67 ?4r Tbu:aO4 s*OtfV*
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17~ I IT

-495- II

-3 '1 20'.~ LP-.

3200

4 .4L

.-- I I.A.

Axl~l Load, Ocapletely Reversed Mechanically, Polished

Stream Cone. Factor' Kt 3 .5 Mean Stress u 0

Cuowsition: Beat Treatmnntgfa e 260,jtimV

1% %k 26$ Ni, W.5 t, 2% Ti, Solution Treated, Not Rolled

71gure: 6.68 (Ior, Tabulated Data See Page* 226)
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j . A-286 StkileGStG<eel 90klS 6kl

I-

r .1.

4-

b 1i 4~M
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I% or,, in% IM, IW;% l2%e

114az'3 669!(3W 29AtC4L V~t7 MWg PWe2*
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A-286 SWo.s Steol . ~-90 kgsi By~ - 6 k&si

Iffect of Stream Concentration I -

-~-T

C . I

-' . . 21.....~ ... 4

AXIal Laad, Cranpietely. fleverWe NechsuicaLJy Polished

Temeratur. 80O7 --Wmn Stress a 0

Rest Treatmentosoce 200;zta 13'
1~,2$ Ii~, 1.25% k4o, 2% 1'i, 8olutln frosated, Not IMolod

* I .2~%Al

VLgurc 670 (For Tabulated Data Ses pag' 226')
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FATIOUR STLBKET

A-286 Stainless Stool Su 90 kal. Sy 4 6 ks±

-. ~~~ ~~ .. .L .. 4 . .i .L p ;.. .. .. .i L

* -.1.41 -

j . Auial. Zasdp Ca t4 abs'NYmw bemiashLu j poll""
I siftaI mk Nsa ~uvo - 0

I%@vor$ so , K!.29$ abs 2% ~tip Ssiambted., NIt 1Aolls
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A-2t66Ba~1u Stin ess BATIGW ST9Z uT --

Iffect of Stress Conc~atrat±ODI

.74.

' ~It

4Tý .4 T1,

KI I _Hxs m' mUI4 -aewMtm~U al~
-~ -tq a-

-1,0sum &a .-. tv"ýwt 13

-'rý2$ p1.2 Y...i.tftu~mt tdpJt O.2%H Al Fgvl67 1b 6-1&~ ~uN t 2
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A-286 8tain1ebs Steel -90 ksi sy a46 kei

Effetut of Process at -320*Fj4~}~K~iuf2.47f
N P

TIG

7 4~jI

I I4II I

I2 A 13t 3 A. poo?

Axialiur~~7 LabuCwlteyRvesdTV '' nInrtak

Weld6

NPw1kh.Ual Plse
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A-286 Stijj Ste f~u 90 k~ y 4

TI L

t t

EQ b .-. 44

L+ b

AxALA 1064' Caoggetely rsvrI'4 TI Twisut.n Tnhrt Gas

* M.daaiai Pluw

Wti 00110*. 1mc1oto It a 1,0 Meuan Stress

I*C M% 'i2~ i8 lutlm %plaesd, Not iie
Al A-we 1. *75 (For Tabula ted ftta Noe PapE J2
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K~~1tM11tN-15 ~WA'ITtEI jigU¶ B ulkai ~60 k~ii

Effect of Temperature

W I

........... .,

3..9 Ir~ti~

. i . -IF.,

bL. 100YF..V

4=1 -~F ..

IL.L

Axial LoadA Completel.y Reversed Lathe Turned or Bcredj,

Composition: 
Mechanicaft .1 olished

21% Crt', 20% Ni, 20% Co, ... mean Stress 0

3% i, % M, 3 WHeat Treteatxet1

L.%Mn, 1% Cb ..I% C See page.200, tm 5

118

Downloaded from http://www.everyspec.com



?4ultierlt U-5 Effect of Temerature

IX k

11L.7

Rot~y Be BeningMechafliesly polished
ocn~oitian Mea Stress - 0

,% 0S , % M $ , %t p , 2 0HCe a t T r e a t m e nt : .

i.% n,3 Cb A . 1%C Pa' 22 e8 O~ tS 5

l. UP pgur~i6. 7 7 (For T~jbu1&ted Data. BOOPge 21

11.9
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7AZIOU S •3O

multiment N-15 SuS 119 ksi SY= 60 ksi

Effect of Surface TreatmeiAu

Milled .

.;IT 'I "O t d

• . . I, * ' " ' '• (

lated

If . 1.. .. 1J.• • ' • •. )

Lathed

- .' * o 1 ; 11. .1 It ea .. i"

S, "Milled

- .. I

4 . . •

Axial Load, Completely Reversed Lathe Turned or Bored,

Temperature - 13VF
Composition: Mean Stress 0 0

21% Cr;, 20% Ni, 20% CO, Heat Treatment:

Si, 3$ Mo, 3% W, See Page 200, Item 15A

Mi.s% M, 1$ Cb, .1% C
Figure:6.78 (For Tabulated Data See Page,228 )
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FATII

Multlment N-M• FATIOURZ um 1 19 ]•i .CI- 6o ksl

Effect of Type of Loading

~~4* i

IRotary
4 4.-J. T - .i

, - , :, .• !l;• • . I..b...... ..... ...I .. .. - -
F. .. . . . ! " , 7

2% r 0%I.,2 CoIi "Mean "'reu. * 0
, ,j -Se• Pap 20 . ]5

le....t Tretn• :

~~~I I.. . . .. L. ..

Figre 67 (owTablaedDat .Lathe Turne or)rd
. . N... . .. - .)..-. , Treatment: .. . .

HDO 3. ::p .1% C iis *;t lb ite I:

• ~~ ~ . ..... ... {. ÷ •
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ATUESTREWGTH

Effect of Type 0±f Loading

AxialX 0
.

I p

Lathe Turned or Bored,

Temperature - 10' MechanicallY P01-ihed

Ar com os ti n i,:% O Mean jatreas * 0

2 1% C r, 2 0%M N i t , 2 0HO PR s t T r e a -4m e l t :

Si.%n, S Cb. .3.% C See Pate 200, IciM 15A

Figu~re:6.80 (For Tabulated Data See Page 228)
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YATIMU &M==I

Wdutiment W- 115 8qUs19.koi Sy 6 Okei

Effect of Typ of Loading

* 4..-

Axia.

ii:.j:~:j~L §1

+1

t

L.~%Kft LOb t.4~% -

Teigure:r m.e3 (lax Tabuate Durta oee Page228
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FATIGUE STBEa1M

3k~timent N-155 Stainless SU~ ~-'1j§ ki'a Sy 60 kaili

-Effect of Surf'ace Finish1

I It, II

71,1

:.422RM i* -

Stress Con,04 Factor Kt = .1.0 Heat Treatment: Sol. Treated
10200%F 1 hr,;WQ, Algec 14000F

Composition: 22.%Cn, 2O%.Ni, 20% C0  16 hrs, A.C.
3% Mp4~ 3% W, 1.5% Mn' 1% Cho .15% C

Figure:.6.82 (For Tabula~ted Data See 1Page.229)
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PATIGUE S8nU TH
Multiment -3.55 Stainless Su m 126 ksl. y 73 1-i;1

Effect of Surface Finish

44. ~75M~t

17RM

' I 1 I

.. I

.. ..... . .. .. .. -"

r *--; I

I~-i ILL.754S
________. . , , i

Plate Bending, Conpletely Reversed Mean Stress 0

Stress Ob.i'.iactor, Xt w 1.0 Heat Treatment: sol.
,2'Treated) 2200*F, 1 hr, W4,
Co mpoiton 21.% 20%iq, 20 % ised 11400'r, 16 brs, A.C.

igure: 6.83 (For Tabulated Date See Page 229 )
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FATIGUE STPBWGTH

)&iltiifeflt N-155 Stainl~e~ssiqk4-C3k

Effect of surf±ace Finish

753RMS

I-4 j

1. .4 79 1

7.7
b. 2R

or 
.6

plate Bending, CopeemRv1e 
an Stress 0

S tre8s oflCb ' Factor 1Xt - 1.0 !eat Treatment: Sol. Treated

Ccposition: 231% Ox., 20% NDj 20$Co 2200'7`, 1 hr, WQ) Age6 1400FP

AMos 3WA 1.57% Ma~ 1% 0h, #150 C 16 hrsp A.C.

Figu~re:6,8
4  (For Tabulated Data See Page 229)

126

Downloaded from http://www.everyspec.com



FATIGUE VMNM~T

1.7- 7 PH Su~ 20?5 kel S y 195 ksi.

Effect of Stress Concentration

~i~jI i L1 7-7
44T

to M

_4 -I 1 1

Axial ~ ~ ~ ~ -Load, C0petl Revrse HadPli-dLn~u~
sopeatr 4 01jM~lSrs

Compositio!IX 0rs retet

.... .i .7 .~ .o~ .C4
Wg e:. 5 (.o . ~ ~~ .~t .e P.g 23 .)

Ktamag
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j Duralhnmin Sv~U ~ ~ 8  Unknown

Effect of Salt Water Corrosion

~~Corrodjed 1,.

f4-.4I

ompo* itioC Meand Ite Sal Uzinoq

Al,~ or C8 Mn MgHa retet

.128
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.TIý76A1-4v S 177 ksi, s. 166 ksi

Effect of Temperature

20 -#~ ---- -..
ioF

PA~

Wi'i
T __ :4JK

900FK **-0

4."

i (VPae 900 , 1 i0'u ai1old

P89Q~4. -r
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V. -6A1--4V 3' FATIGUE SThEWGTH Su 17kiS 16 i

Eirect or ¶Ixemperature

8oO S

tilI

I-fqL- 11
..4~ .A

I.' ~ N I: 6

Rotary Beam Bending Hot Dtolled
Mean Stress -0

Com~po sitioni: Heat freatmint:
6%Ai, 4%v, max. 07%, N, max.10% B: sol. treated 16759F, 20 mini.
C, max .015%H, Max .-O% e' malx.30% 0 WQ, aged 900"F) 4 hra

air cooled

FigureS6.88 (For Tabulated Data 8e6 Page0 2371)

.1360 12 0
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Ti-6A1-4V Su 177 kai, sy - 166 ksi

Mee~t of Heat frestment

q: t

ii

3otary~Hr AemBed
Teuapz'at'w. 80

Ocq~~oa~~t~oHT Aet!i~tet

6%AJ4%VmaxY7~,mu .oC !~- an7tT-

max~~~~~~~~~~~~~ AA~R a i~9,mx.3%0lePn O~Im2

F~~gure: 6.9 (HTTb-td BaSe ae2V
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I Ti-6A31-4iv APrI1NG Su 177 ksiB R81b~ i

Efciui of Heat- Trcatm-Cat

7hJ:.LV4JL~L.... IIII

6 %M~~%v ma .07N, ax io% , U-A nd T-B

I F.

6%j %,max *007%,Nai max .30% C0 Tee Page 20, T- 2

Figure: 6.90 (For Tabulated Data See Page .2389)
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Ti-6A1-4V FATGU 1~T ~-77 ksl, 8sr 16b ksi

Effect Of HleatT# rekiift~

t~ti >}-A
Ino

Ht-

*. j

I' I~ '7-

Ilsat fratagn

Oo,,out5 &=l -07g MO -10% C., Ha-A anid R!-B

=aI .01*0E ma -QY* A 36% 0 1 ..se Pfbm 202, itemn2

lpigdtns:6.91. (ls dbA"*tS Dat& see Pfew 2ý8
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Ti_6A1i.4v FATIGUE STRENGTH Su -177 ksi, By, 166 kni

Effect of Heat Treatment

HT-AI

IMi

Ro6z HTan Bedn o lo1d 0

271 &%,mx 0%± ma JI.l0 IfHA T- A

6mA4 .1%H,, max .hIo%xi' max .30% 0 HSe Fand 20,tem28

Figures 6.92 (For' Tabulated Data See Page- 238)
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FATIGUE STRENGTH
Ti-6A- 14v Su 177 ksi, Sym166 kni

Effect of Seat Treatmeznt

kii

.... ..-... In n

E% A 1,~ ~ .i% V .. ..... . io ..- .a . !-R

1441
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Ti-6AL-kV . ?FATIGUE SThDMGTH 7 ** ~ 1

Ti-6Al-4V ~ ~Effect*-or Heat Treatment S 1 ll y-I

[IHT rij ijit

4tl4

4t

6%A1,.. .i V ..... ...Nj max .i% C T-A a d U - .
max .015%H,~~~. .a . 4% ..a .30 0 .e .ae 2 .t. 28.

Figi~e6. .(.o Tabuate Data e Pg

IL I I..136
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Ti..6Ai-4v rA.ui ~177 ksi, sy 166 ksl

Effect. of Heat Treatment

1. 4

K.....T -B

L~~ ~ .4.. .. ...... T -
2~~~' 4.b.:j.. 1:4II

4en8~es- 771. i

Tez~ertuz'oHeat Treatment:

6%A1, 4~%7, max .0701, max -10% C,0-)adN-
msx .01fj, max AWOmax .30% 0 See Page .202, Item 28

ftgure: 6.95 (Fobr Tabialatd DOta See Page 238)
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FATIGUE STREVGTH 1-7"1 44

Ti-,A:L-M4V - I

Effect of Heat TreatmentI

Rotaa Bew Bening k~t ol-e
1hm~n~treaum'4-Eki

Temperature ~~ ~ ~ J - 80 . ierTetet
Ca~oait-B

6%i~~~~~±1~~ li%,m 0% j a :% ,I- n4~3 BePg

max 015%, ~ ~4~e ~i 30%

Figure:6 .9 6  (Oz'~aultdDt 3ePg 3
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1aselac~~noous Re sults

(Effect of Maen Stress)

-44

ll 1 sm51t 00 ~-O

max .iO% C, A:~ ~A So.teae 60,2m.

13,5'*- 0-8

.I W

Downloaded from http://www.everyspec.com



Ti-6A-~4VFATIGVE STRENGTH

Mis cellaneous Results -~7 ui .15 a
(Effect of M'ean S~tress)

T r V

SMt5-70

I~ ~ 0 ~~Y
I .. i5*

-- iý IF 77,~f:

II,~i.II~~T T-
I4

TII
Figtxre: 6.98 (For Tabulated Data See Page .239 1
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FATIGUE STRENGTH
Ti-6A1-Iv mu 177 kul, S~, 166 keiI

I. miscellaneous Results
(Eflect or Wean Stressa)

..1. . ...62. .5 ...

4--.

* '44
.14 Bm42-6o -4-

____ st62-85

1 7 -11 .. 3.. 4 S.641.low-d

Rotary Beam Beading
Taverature - 8OO'? H~ot holld,
Ccomsition: He at Treatent I
6%A4 34%V, mak .07%Nio max .1*,C max, A: Sol. treated 16900F. 12 min.
.015Y1, max 1400le, max .30% 0 WQ, aged 900%, ~4 lira. air cooled

Figur'e:6. 100 (For Tabulated Data See Page'239
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Ti-6A1-~4v S 177 Icai, sy* 166 kui

Idecscelneoum Results
(Effect of HeaM stress)

. . . . . . .

an25ýqi3. I
4

- . ~ ~ ~ ~ ~ ~ M8- 58. -.-±~...---,
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Lvw "rnon# LOW, Alloy Oteel Su .6D ksi ar 41 kaS.
Mfeet Of Thaperoture-

W Fl1TV1'1h 1
V..

iii'

50 i

tT_ ft.f~ f
p5 4.1.

1L 'U
Ii iK. ~A

T14
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LosHdili ahn-fr±&ICYSt~i ou 62 ka B 5~.khi

70eao 1 ifwstfeIt

60
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t~lM ?i~' h SU~" 63'- kid Sy 374.1i

1Eftpnt of Tem;,-rature

50 1-- 1.

IJ'

S 10

j~ri 2.3

Iko 2.0

'b . , 1.5

03 INDj~~
Temperature, OV

(8.2&.243 C, .86 (a"z.) ps -240 (suax.)r 11 Stress Relioved
Pigur.: 6.104 (Ala Tabulated Data See Popg 245)
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WHO

Low-Medium Carbon, Low Alloy steel sia-6ykhk Sy 40 kel.

70

60

. ._* -2-

Downloaded from http://www.everyspec.com



LvC~rboti, High-Alloy steel S-65 ks± 21 kal
Efec of erature

144....0
04K

4w

Te~.rtureygaiet Trratumntt.1%(wg. C, .5. 0% Cr", -5 5o ... )% T1 AMlealad, 1,5:0-IVgu~r0: 6.106 (For Ti~bulated Data See Page.246)
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Low Crbo, H1ioxu1oy steel k-*,.Thl~s Ica B.. Sy0 lesi

Ifeet We~e"s rature
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TENSILE~ ST1MBUTH

Stalinless Steel S~72 ksi sy 39 kai

3,05 Eiffre0ct or Temperature

I I!

90

J I

I7 7

.11 LI ' 11 LT

A1. 1
.30 .FL4-4

.LJIJ. [I

Tampertture, 7
composition: Dbat Troatmentj

.1%(=X.) C, 17% 0e, Amitax.et, 19,5o.?
Figure' 6..108 (Por Ta~bula~ted Data See Page 2146)
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TENS=L MTZUTH I

Low Carbon, High Alloy Steel Su 110 k~i S~, 75 ks±

Effeat of ersture

140
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TENSM.E STRENGTH

Stainless Steel Su w80 ksl .S 5T k~i

15Effect of~ Temrature -

90 -

ts~

~~ 61

4w-

600

45- j X0

Compo~tiOJ1 -

Fiue'30O(o auatdDt eePg 4
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Stainless Stool S~u -- 5 koi Ely ýY5k a!

900

IT -

w 1ý .0

L T -;
Ye~r, o

Co '30t1n 1ea 3.0~uet

(.~-.~qw ~ Anz~ied 2.50

Wlgme: 6ui Pow abuatedDataSeePage247
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Stainless Bt..i Su 85,Jwf-' By 13ks

I F

.~ 
0

T5

INI
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1545
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'Spoltaeon oteel 'au 85 kol By 38 kfji

street of
90

L I I I I -------

80--

70..- _Sk I M 11

"Oll -rf

JA - Fý -I I I I I IM-1

u 6q

I L 4.o#

-3-5

40 :# b 3.0

7L]
or L

2.030

log M l It 11 1 1 1
I I H if i i i

20 1.0
0 3w (0*

momisiAgmp op
lbat Treatment:
Ampoled lqýoor

6.U3'(Pbr ftbul&*44 Data See PAPJ?,4.4ý
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Stainless steel su 8 8Oxsi By 411Kaii

1 . Effect of Temperatur~e I

I.FI
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-411,swe Z

Azn0le 193.0Figure:~~~~~~ L.u, (b ablte at eee27
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SECTION 7 STATISTICAL DISTRIBUTION OF STRESS

7.1 STRESS SPECTRUM VS STRESS DISTRIBUTION

The problem of stream distribution, in the Interference Theory,
appears to be much more involved than the problem of strength distri-

bution. Consider, for example, the problem of a connecting rod in a
reciprocating enginc . Because of the variation In hardness,,surface
finish, ate, the fatigue strength will vary from one rod to another.
This will result in a distribution curve, in thich the strength wilc be
plotted on the abscissa and the number of rodo havbng •a $Ivn etrength
(ioe. frequency of occurrence) on thhe ordinate.

Consider now the stress distribution in the connecting rods.The stresses in the rod result from the combined effect of xes pressure

loading and inertia loading. If the attention is now focused in a
sintle rod, then the variation in the vio types of lstdingt. Ti producea; distribution of stresses in this particular rod. The resultant curve

will be a plot of the stresses Idiotibutn the o eabscis and the number
sof times that this stress occurs in this particular rod on the o.dinate•* (71gure 7.1 (a)).

This This, hotvere, Is not cni t in rnted in the d pplifer tion of the• • Interference Theory, because this distribution of stresses cannot be
matched with the distribution of strength. In the strength distribution
the ordinate gives the number of rods having a given stronSth. Therefore in
the stress distribution the ordinate must read number of rods having a given
stress (and not the number of tiume a given stress o~cure in a single rod).
This can be obtained by considering the fact that different engines will

be subjected in service to different operating conditions and, therefore,
the distribution of gas pressure loading and inertia loading viii vary
from engine to engine. As pointed out in Section 7.2 a spectrum of
stresses must be converted to an equivalent stress for the purpose of
Interference Theory. Therefore, if a spectrum of loading due to different
service conditions varies from engine to engine, in a population of
connecting rods the equivalent stress will vary from rod to rod. Thus
the statistical stress distribution desired for the Interference Theory
may be obtained (Figure 7.1 (b)). In this distribution the equivalent

stress will be plotted on the abscissa and the number of rods (frequency
of occurrence) having that stress on the ordinate. This distribution
then can be compared with the strength distribution to obtain the proba-
bility of interference.

7.2 CONVERSION OF STRESS SPECTRUM TO AN EQUIVALENT STRESS (Sequ)

By definition, equivalent stress is a completoly reversed stress
of constant auplitude which, when imposod on a part, should cause failure

,15
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(a) Distribution Not Wanted

Stresses in a Cons•ecting lod

(b) Dismtribution Desired

Ii

Stresses in Connecting lode

Figure 7.1 Stress Distribution for the

Interference Theory
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at the same life am if the stre8•! spectrum was imposed instead. Thu.,
the damage accuulatad at any g&ven life, due to this equivalert stress;

will be the same as if due to e spectrum of stresses.

The first step towa"ds converting the spectrum to a single

stress (Seem) is to convert t e operating stresses, which may have some

mean strans associated with ahem, to zero mean stress, that is, the

completely reversed stress. (Figure 7.2). This can be done by means of

the modified Goodman diagram. Draw the Goodman diagram as shown in

Figure 7.3. From the spectrum of operating stresses plot each @tress

cycle on this diagram as shown, for example, line AB. Connect CA
and CB and extend, to tht- vertical line whe .re mean stress is equal to

zero. Hence, XY is the zero mean stress equivalent to AB, After
reducing all such stress cycles to zero mean stress the stress spectrum
will have all the stress cycles completely reversed. The magnitude XY

will be different for different stress cycles. Therefore, the original

operating stress spectrum (Figure 7.2(a)), with various mean stress

levels, is thus reduced,to a stress spectrum with zero mean stress level,

that is, a completely reversed stress (Figure 7.4).

This spectrum cap then be reduced to a single equivalent stress

of constant amplitude, by iheans of Hiner's or Corten-Dolan's Rules.'

7.2.1 Minel's Rule

Miner's rule7 assumes that the total life of a component can
be estimated by simply adding the fraction of life consumed by each over-

stress cycle. Overstress can be defined as the stress above the endurance
limit of the oaterial which, if applied, will dam8ge the part.

This rule is expressed as:

n. + n2 n
-"÷ 3 + • 'k

NI N2  N3  N k

or

.. I -. o 7.

where n1, n2 , n 3 * . . nk represent the number of cycles at specific
overstress levels, and N1 , N2, N3 . . . Nk the life cycles to failure
at these levels, as read rom the S-N curve.

The equivalent life of a part (Neu) under a spectrum of stresses

may be found by rearranging the above equation:

lto
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(a) Spectrum of Operatinh Loads or Stresses
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Men
Lontd or
stream

Sequ (b) The Equivalent Stress

0

Filurm 7.2 Conversion of Stream Spectr'um to quivalent Stress

g 1

Downloaded from http://www.everyspec.com



Im

I I

S u

Sn

x 
a

S.• U

Mean Stress, ksi

Y

Sn I

Figure 7.3 Modified Goodman Diagram
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Figure 7.4 Comupletely Reversed Stress Reducea ftom the Stress Spectrum
Through Modified Goodman Diagrai
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N 1 x n- (7.2)equ i-kSn-o
i~l Ni

Suppose, for example, there are three stress levels, 90,
70, and 50 kal, in a given spectrum. With the reference to the curve
in Figure 7.5 1/(6 x 104) life is consumed by ech 90 ksi stress cycle,
1/(5 x 105) by each 70 ksi cycle, 1/(8 x 105 ) bv each 55 ksi cycle. etc.
Using equation (7.2).

Ne -1+1 + 1 -1.5 x t0o cyclesNequ1 1 1
6 x 10" +5 x 105 8 x 10-

Thus, the life of the part under the above spectrum of stresses
will be equivalent to a life of 1.5 x 10' cycles. The stress equivalent
to this life is (from Figure 7.5) 75 ksi. Hence, the damage that the
part accumulates due to the above spectrum of varying stress amplitude
will be the same as if stress cycles of constant amplitude equal to Sequ
(in this case, 75 kai) were imposed for N (1.5 x 105 cycles). Thus,
the spectrum of stresses can be replaced C; a single stress.

Mirer's rule, as stated in equation (7.1), gives one (1.0)
as the criterion for failure. Miner's original tests showed that the
value for the summation in Equation 7.1 actually varied between 0.61
and 1.45. His more recent data gives a range of 0.7 to 2.2. Other
sources quote a range as high as 0.18 to 23.0. In view of all
this scatter it is generally agreed that the value of one (1.0), originally
proposed by Miner, is probably the best overall estimate that can he made
at this time.

7.2.2 Corten-Dolan's Rule

The application of this rule in converting the stress spectrumto a single equivelent stress (Sequ) is identical to that of Miner's

rule, except that the S-N curve used to obtain the life values N, N ... N
is modified. This modification is done, as shown in Figure 7.6, by changing
the slope of the S-N curve. A line is drawn with an inverse slope d and
passing through the point NI on the S-N curve, of maximum stress amplitude
(in this case, 8I) occurring in the stress spectrum. This new line is
known as the Cortcn-Dolau line.
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Figure 7.5 Mirer's Rule
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rm vllable date.... it appears that for structural steel
apecimeni, havAn$ no stress concentration CKf m 1), the value of d/d' a 0.8is a reasonable eaLzte. A recent study by Harris and Lipson2 indicates

that when stress concentrations are present the following relationship
con be used

did' a (0.73 + 0.07Kf) (7.3)

This con be graphically expressed as in Figure 7.7. It will be noted
that if f a 3.5, d/d' 2 1 and this boc.e:s equivalent to the criterion
obtained from Miner's Rule.

II
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F, igure 7.7 Corten-Dolan's Lines for Various Stress
Concentration Pactors, According to Harris and LipsonA2
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SECTION 8 INTFUlUUCE 07 111T3 D6TUXMORION WITH
STRENGT DISTIXUTIOM

After the strength distribution and the stream distribution are deter-
mined (Sections 6 and 7 respectively) the two are compared and the percent inter-
ference is determined, as discussed in Section 2, Section 5, end in detail,
in Section 9. For a given strength distribution the percent interference
will depend on the distribution of the equivalent stress Sequ. A search
through literature and other sources produced considereble amount of data
leading to strength distribution but very little information on stress
distribution.

in some engineering applications there is very little scatter
in etresses. This leads to a streso distribution with standard deviation
equal to zero. This distribution can be represented by a straight liney
as in Figure 8.1, and the interference can be deternined as shown.

For a $iven 8Su. interference may increase or decrease, if
the life to vhich the cdiponents are desigued is changed. This is shown
in Figure 8.2, and in terms of B-N diagram in Figure 6.3. The shape of theý
distribution curve in Figure 6.2 is different from those in Figure 6.3
because the former are plotted an a linear scale while the letter on a
log-log scale.

In those engineering applications where the scatter in stresses

is appreciable the above approach will obviously not apply. On the basis
of past experience, in the present investigation the stress distribution
(S ) was assumed to be normal and the range of standard deviations to be
U;I'Y*ss than .Olp and not more than .lOiA where U is equal to 8
The resulting interference is represented qualitatively in figure B..

framples of a design problem employing this method are given in
Section 9.

S4
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Figure 8.1 Interference with Standard Deviation
of Stress equal to Zero
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S-N curves with
.1% Probability

S-- 50 • Probability

99.9% Probability

Strer•gth Strength
istribution Distribution
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Interference
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103 10 4 10 5 106 Nequ

Life, cytles

Figure 8.3 S-N Diagram Representing the Dependence
of Interference on Life
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SECTION 9 APPLICATION OF INTERFERENCE THEORY TO DESIGN PROBLEMS

Once the parameters of the strength distribution (X,, b, 0)
and stress distribution (V - Sequ and a - kpi , where k represents a
fraction of the average stress) are determined, as shown in Sections 6
and 7 respectively, the percent interference can be computed with the
aid of Tables on pages 258-396. Specific steps to be taken are illus-
trated by the following example.

A certain machine part was designed to withstand in service
10,000 overload cyclea. The problem was to predict its reliability
under the following conditions:

Material: Ti-6AI-4V, S * 177 ksi, S - 166 ksl

Design Life: 10 cycles

Type of Loading: Bending, completely reversed

Size: 0.25 in.

Surface Finish: Hot rolled
Theoretical Stress Concentration Factor: kt a 1.0

Operating Temperature: 600 0 F

9.1 Weibul,, Paameters,

The first step was to determine the strength distribution in terms
of the Weibull parameters. From the graph on page 129 or Table on page 237.
Weibull parameters corresponding to the above conditions vere found to
be:

*0 " 50 ksi

b - 2.65

O a 77.1 kei.

9.2 The Eguiyalent Stres,

As to the stress distribution, the part was instrumented and the
stress spectrum was recorded as shown in columns I and 2 of Table 9.1.
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Spectrum of Stress Miner's Rule Data

Completely*
reversed Occurrences n, Number of cycles n
stress S, ksi cyclas to failure, N N

i 2 3 4

52.0 200 3.5 x 105 5.710 x 10"4

54.1 80 2.4 x 105 3.333 x 10-4

56.5 50 1.6 x 105 3.125 x 10-

58.0 60 1.2 x 10 5  5.000 x 10-4

59.3 20 1.0 1' 105 2.000 x 10-4

62.0 10 6.6 x 104  1.515 x 10-4

64%.8 5 4.3 x 10 4 1.162 x 10"-

n, 425 N 21.845xl-4
i

Table 9.1 Stress and Life Data for Miner's Rule

.°I

*Actually, stress was not completely reversed. It was reduced with the

aid of the Goodman diagram to a completely reversed stress using the
procedure given in Section 6.1.1.
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In order to determine the parameters of the stress distribution (Seu 1

and a ) Miner's rilp waR used. From the S-N curve of the material
(Figure 9.1), the number of cycles to failure, N, correspondirg to
stresses in Column 1, Table 9.1 were determined. This is shown in
Column 3, Table 9.1. Using Miner's rule, as expressed in equation (7.2)
and tabulated data in Table 9.1, N was determined:equ

NX ni

equ ni

N - I x 425 = 1.945 x 10 cycles.
equ 21.845 x i0"

From the S-N curve (Figure 9.1), the stress corresponding to
Neu - 1.945 x 105 cycles was found to be Sequ m55 ksi. Hence, a
colpletely reversed stress application of 55 ksi can be substituted
for the recorded stress spectrum (Columns 1 and 2, Table 9.1).

9.3 Percent Interference

Once the strength and stress distribution parameters are
established, percent interference can be determined.

In some engineering applications the scatter in the operating
stresses is very small and, therefore, the standard deviation of the
stresa can be assumed to be zero. In those cases the percent interference
can be determined as follows:

b
x-X

Interference - F(x) - 1 - e - shaded area under

tne curve shown in Figure 0.1

where x a S 55 ksiequ

X - 50 ksei

b - 2.65

S= 77.1 ksl.
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2.65

F(x) - 1 - e

-. 0114
1 - e

- .0113

Percent Interference - 1.13%

This can kiso be read directly from the Table on page 262.

x-X b

Find X - (0) - .0114
! o

Corresponding to X - .0114 read interference F(x), - .0113, from
the above table& Therefore, Percent Interference - 1.13%.

In those engineering applications where the scatter of stress
is appreciable interference may be found as follows. As pointed out
before, in actual engineering practice, the standard deviation lies in the
range

0.01 < < 0.10

In the absence of any specific information, an average value of
- 0.05 can probably be assumed. Using this value, percent inter-

ference is determined:

Strensth Stress

X - 50 kai - S - 55 keio equ

b - 2.65 a - 0.05V

a 77.1 kui - 0.05 x 55 ksi

a 2.75 ksi .=

From the above data, parameters C, A and B(x), (for definition se* page

27) to be used in the interference table, were computed:

17r,
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-X IM
C 6 o 77.1 - 50 10

o~ 2.75

A o 50 - 55
0 2.75 - -1.82

% (x) - b = 2.65

The interference value corresponding to theme parameters was found by inter-
polation between Table on page 293 (for B(x) - Z.0) and Table on page

295 (for B(x) - 3.0). By interpolating between these two sets of data,
the interference was found to be

Interference u .0245

or Percent Interference - 2.45%.

Thus, percent Interferences, that is, probabilities of failure to be
expecrted are:

4 In the event of no scatter in stresse. - 1.13% Failures.

* For the scatter of t4e order of 0.05u (2.75 ksi) - 2.45% Failures.

9.4 The Effect of Design Factors

In this manner, the effect of various design factors on per-
cent interference, can be determined. Table 9.2 shows the effect of
temperature on interference for design conditions stated in the above
example. Table 9.3 gives the effect of life an interference for a
different set of conditions stated below:

Material: M10 Tool Steel, Su a 330 kmi'

Design Life: 10 cycles

Type of loading: Bending, completely reversed

Surface Finish: Mechanically Polished

Theoretical Stress Concentration Factor: kt 1.0

Heat Treatment: 2A shown on the Table on page 223.
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Weibull Parameters
Equivalent of Strength Percent Interference

Temperature Stress

MateO-al OF S equ, kai Xo b 8, a-0 a .05v
kei ksi

--- - -i-

T 1-6 A1-4V 601) 55.0 50 2.65 77.1 1.13 2.45

30 35.7 70 3.2 96.8 0.0 0.0

Table 9.2 Effect of Temperature on Percent Interference

9
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Welbull Parameoter
Equivalent of Stren th Percent Interference

Material Stress, -- b 9 a - 0 a m .028p
Sequ" kei 7e ksi

10 127 1.89 163.5 0.0 0.0

M 10 Tool 5

steel 10 122 119 1.95 153.2 0.865 2.04

106 111 2.0 143.5 10.80 12.03

- - -

"Table 9.3 Effect of Life on Percent Interference

o
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CONCLUS IONS I
1. A method was developed for employing streos-strcngth IioLerference Theory

es a practLcal engineering tool to be used for designLng and quanti-
tatively predicting the reliability of mechanical parts and components
subjected to mechanical loading.

2. This method is based on the considerable empirical data gathered (Appen-
dlx 1) and it also has sound theoretical basis (Appendix 3 and Appendix 4).
This method eliminates the concept of a Factor of Safety and substitutes
Percent Interference (Probability of Failure). Tables of interference
values are given in Appendix 2 for a variety of stress and strength
conditions.

3. Although a great deal of data were gathered and analyzed in the course
of the present study, no data were found to permit the establishment of
confidence intervals on the probability of interference.

4. This method can be used for three cases most commonly encountered in
engineering practice:

Stress Distribution Strenath Distributioni Normal No'rmal

.orhal Weibull
Weibull Weibull

5. The effect of type of loading, surface finish, surface treatment,

temperature, stress concentration1 heat treatment etc, on the statistical
distribution was also studied. These effects were e:,preased in terms
of Weibull parameters X., 0, and b (see graphs in Section 6.4 of the
body of the report and Tables papes 194-257.

6. For most ol the materials studied, the lower bound of fatigue strength
(XY) and the characteristic strength (0) have a linearly decreasing
relationship with life, on a log-log scale. In the caso of the Weibull
slope (b) it decreases or increases linearly with life, on a log-log
scale, depending on the material and the loading, surface, etc.
conditions.

7. In the case of the tensile strength data were obtained to study the
effect of temperature. None of the Weibull parameters showed any
recognizable relationship between tensile strength &nd temperature, on
either Cartesian or log-log scale.

8. Although the relationship between the fatigue factors (listed under
item 5 above) and the statistical distribution of strength was established
on an individual basis (item 6 above), .no data were found which could be
used to determine their combined effect. It may be safely assumed that
under this condition the fatigue strength will follow a normal

132
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IiI
distribution (a special case of Weibull). As in the present study, this
distribution vill probably vary vith the design life.

9. As to the problem of stress distribution, the data found in literature
and other sources wre in the spectral form. For use in Che Iuterference
Theory they had to be converted into a distribuition of equivalent
stresses.
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RECaN4ENDAT IONS

1. Er th... r.... !&.vctLignjafn nhe work involved the determLnation of
Weibull parameters, mostly for ferrous materials. These parameters
are essential for the prediction of interference. In the aircraft
industry the materials are largely non-ferrous. It would be desirable,
therefore, that the interference for these materials be determined too.

2. It is proposed that a computer method, instead of the currently used
(Section 6) graphical method, be used for the determination of the
Weibull parameters. This method has the advantage of time saving,
higher accuracy, and it may allow the establishment of confidence levels
associated with interference.

3. An analytical expression for the general case of interference, as a
function of time (life, cycles), should be developed. At the present
time, Weibull parameters of strength (Xo, b, 0) have to be specifically
determined for each particular life in order to calculate interference
at that life. By establishing a general expression, ovce the inter-

ference at one life is known, the interference at any other life can
be quickly calculated.

4. The problem of stress distribution demands further work. Means of
conversion from stress spectrum to stress distribution should be refined
and a more exact form of the statistical. distribution of the equivalent
stress should be established.

5. At present, in using the tables of interference it is necessary to
extrapolate and interpolate interference values ift a given table or
between the tables. Because of the highly non-linear behavior of these
values (as discussed in Appendix 4, Section 4.1.6 and Appendix 4, Secticn
4.1.9) it would be desirable to have tables calculated for a finer
grade of values of the parameters.

6. in the case when both interfering distributions are Weibull, percent
interference will depend on six parameters (XOl, X02, 01, 02, bl, b
By appropriate grouping, these parameters can be reduced to four an
percent interference calculated. In order to include a reasonable range
of values for each parameter a large aumber of tables, cumbersome to
handle, would be necessary. Hence, four or five dimensional nomographo
should be prepared which would give percent interference as a function
of a full range of values of the four parters.

7. In order to verify the validity of the Interference Technique developed
here it should be checked against an actual life situation. That is,
percent interference should be computed for an actual engineering
problem. These results then should be compared with actual service
failures.
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. A-..I WEIBULL PARAMETERS OF FATIGUE STRENGTH
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TTnr.y "M /rTTI•TT.T. PATAI 1.W."'R

FOR
FATIGUE STRENGTH OF VARIOUS MATERIALS

Weibull Parameters
Material can be found:

Pane No.

CARBON AND ALLOY STEELS

1. AISI 3140 207

2. AISI 1o45 208

5. AMS 5727 209

4. AISI 234o 210

5. Am.l 414o 212

6. D6AC Steel (Ladish) 213

7. H-1I Steel 214

8A. 4340 Steel 217

8B. 4340 Steel 220

9. Thermold J 221

10. Fe - 5.5, Mo - 2.5, Cr - .5C 222

1i. M 10 Tool Steel 223

STAINLESS STEELS

12. 321 Stainless 224

13. A - 286 Stainless 226

14. 347 Stainless 227

15A. Multiment N-155 228
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15B. Multiment N-155 229

]u. PH ]-5 - 7 Mo Stainless Steel 231

17. 17 - 7 PH1 Stainless Steel 323

MISCELLANEOUS BASE MATERIALS

18. Timrkin 16-25-6 (AMS 5727) 233

19. Stainless 403 233

20. Lapelloy 511 234

21. 3-816 (AMS 5534) 234

22. Inco SHS 260 234

23. GMR - 235 234

24. S - 816 (AMS 5765) 235

25. Udirnet 500 435

26. Ti - 140 235

27. Duralumin 236

28. Ti-6AI-4V 237

29. Inconel X 240
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I

REF 'RCE DATA FuR WEIBULL PARAMETERS

(COMPOSITT7N, HEAT TREATMENT ArD TENSILE STRENGTH)

CARBON AND ALLOY STEELS.

1. AISI 3140 Steel: Su - 108 - 109 Ks i.
Composition: .4% C, .8% Mn, .3% Si,, 1.2% Ni, .65% Cr.
Heat Treatment: K 3 = OQ from 1520%F, Tempered at 1300AP,

Su - 108 Ksi.
K 4 = Air blast quenched from 15200F, Tempered

at 1050%F, Su = 109 Ksi.

2. AISI 1045 Steel: Su a 105 - 120 Ksi.
Compor~ition: 0143 * 5% Co .6 - .9% Mn, .040% P(rnax), .~05% S(max)
Heat Treatment: K 1 W Water quenched from 15200F, Tempered at

)210*F, Su - 105 Ksi, By = 82 Ksi.
K 2 n Oil quenched from 15200P, Tempered at

1050*F, Su - 120 Ksi, Sy = 84 Ksi.

5. AMS 5727 Steel: Su n 120 Ksi
Composition:
Heat Treatment: Fleishmann hot cold-work, equalize at 1950eF,

reduce crossection 18% from 1200F,, stress relieve
at 1200*F for 8 hours.

4. AISI 2340 Steel: Su - 116 - 122 Ksi.
Composition:
Heat Treatment: A - Oil quenched from 1450-P, Tempered at 1200F,

Su M i16+.Ksi.
B - Air Blast quenched from 1450%F, Tempered

at 7001F, Su - 119 Ksi.
C a Air Blast quenched from 14500F, no temper;

U - 122 Ksi.

5. AISI 4140 Steel: Su n 135 Ksi.
Composition: C - .37 - .444, Mn - .55 - .90%, Si & .20 - .35%,

Ni -1.55 - 2.00%, Cr - .65 - .954, Mo - .20-.30%.
Heat Treatment: Aust 1550F, 1 hour' OQ, Temperature 1230 0 F,

1 hour.

6. D(An Steel - (Ladish): Su = 270 Ksi.

Composition: .42 - .48% C, .6 - .97. Mn, .015% P, .015% S,
.15 - .13% S, .4 - .7% Ni, .9 - 1.27% Cr,
.9 - 1.1% Mo .05 - .1%V.

Heat Treatment: Hold at 15006F in oxidising atmosphere, OQ Tom-
perature 5000F, 2 hours,
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-.,U-Il Steel: Su = 272 Ksi.
Composition: 5% Cr, 1.5% Mo, .4% V, .55% C.Heat Treatment: Vacuum arc melt, pre heat 1400°F, 50 mmn., Aust.at 1850'F, 45 min., A.C., Temperatuie 2 plus 2hours at 1050*F, A.C. + pre test exposure.

BA. 4340 Steel: Su - 206 - 280 Ksi.Composition: .57 - .44% c, .55 - .90% Mn, .20 -135% Si,
1.55 - 2.00% Ni, .65 - .95% Cr, .20 - .50 Mo,Heat Treatment: A = normalize at 1550%, OQ, Temper 440F,

AC.
B normalize at 1550*F, Quench, Temper

775F, AC.Melt Practice: '8 = Air melt, Vacuum are remelt.
9 - Vacuum Induction melt.
10 - Vacuum Induction melt, Vacuum arc remelt.

8B. 4340 Steel: - varied tensile strength.
Su - 144 - 290 xsi.Composition: same as 8A.

Heat Treatment: A: Norm, 1600*F, 1.5 hours, AC; Aust. 1525 0 F,
1.5 hours, OQ, Temper 1150F, .4 hours,
AC.

B: Norm, 1600F, 2 hours, AC, Aunt. 1500FP,
2 hours, 0Q, Temper 1150'F, 4 hours, AC.

C: Norm, 1600F), 1 hour.D: Aust., 1550F, Salt Bath 20 min., OQ to 120OF
to 150*F, Temper 4)OoeF 4 hours, Melt-practice - elect. Furnace

E: Aust. 1550eF) Salt Bath 20 rmin.,, OQ to 120"F
to 150*F, Temper 400*F, 4 hours, Melt-practice - Vacuum furnace.

9. Thermold J Su - .294 Kai.
Composition: .37 - .44% C, .55 - .90% Mn, .20 - .55% Si,

1.55 - 2.00% Ni, .65 - .95% Cr, .20 - .30% Mo.Heat Treatment: Sol Treated 18256P, A.C., Tempered 1025%F, 2 hours
SA.C.C.Retempered 1025*F, 2 hours A.C.

10. Fe - 5.5 Mo - 2.5 Cr - .5 C:
Su - 514 Ksi.Composition: designated in nameHeat Treatment; Prehec.t 1400*F, 1/2 hour., harden 19500F, 20 min.

9. A.C. Temper 1050%, 2 hours, Ratemper
2 hours eafter finish machining.
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!I. M 10 Tool Steel: Su 330 Ksi.
Composition: 4% ur, 4% v, .8)% U.
Heat Treatment: A - Preheat 1450-F, 1/2 hour, harden 21500 F,

5 min., OQ until black, A.C. Temper 1ItO°F
2 hours, A.C., Retemper 11000F, 2 hours,
A.C.,+after finishing operation, nitrided
9750F, 48 hours.

B 0Same as Abut instead of nitriding stress
relieve a 1000F in protective atmosphere,
Furnace cool.

STAINLESS STZLSj

12. 321 Stainless Steel: Su - 87 KA .
Composition: IN% Cr, 10% Ni, 2% Mn, 1% Si, .08% C.
Heat. Treatment: Annealed

13. A-286 Stainless Steel: Su - 90 Ksi.
'Cmpsi on: T r, 26% Nip 1.25% Mo, 2% Ti, .25% A
Heat Treatment: Hot rolled, solution treated.

14. 347 Stainless Steel; Su - 92 Ksi.
Composition: 18% Cr, 11% Ni, 2% Mn, 1% Si, .08 C,
Heat Treatment: Annealed.

15A. Maltiment N.- 155: Su - 119 Ksi.

Composition: 21% Cr, 20% Ni, 20% Cop 5% s, 3% Mo, 3% w,
1.5% MA, 1% Ob, .*15% C.

Heat Treatment: Sol. Treated 2200'?, 1 hour, W.Q., Aged 14•OF,
16 hours, A.C.

15B. Multiment N - 155: su 1 114 - 126 Ki.
Composition: Same as 15A.
Heat Treatment: Sams as 15A,

except

Some specimens were stress relieved after the
Heat Treatment

16. Ph 15 - 7 Mo Stainless: Su a 201 Kui
Composition: 15% Cr, 7 % Ni, 2.25% Mo, 1.15% At.
Heat Treatment: Condition at 1750'F, 10 hours, A.C. refrigerate

at -100'F for 8 hours, age 9500F, for 1 hour,
A.C, TE 105.
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17. L( - 7 PH Stuinless Steel:

Su = 205 Ksi.
Composition: 17% Cr, 7 % Ni, 1.15% Al1 .7% Mn, .4% Si, .07% C.
Heat Treatment: Condition at 17507F for lU hours, A.C., Refrig-

erate at -100*F for 8 hours, Age 950°F for 1 hour
A.C.

S..

MISCELLANEOUS BASE MATERIALS.

18. Timken 16-25-6: Su = 120 Kai.
Coimposition: Not Available.

19. Stainless 403: Su x 141 03si (Axial test), 129 Ksi
(Rotary test)

Composition: .15% C(mx), 10% Mn(mtx), .5% Si(max), 11.5%
- 13.0% Cr.

20. Lapelloy 31: Su - 136 Kei (Axial), 129 Ksi (Rotary)
Composition: Not Available.

21. S - 816 (AMS 5534): Su - 147 Ksi.
Composi ion: Not Available.

22. Inco SHS 260: Su - 260 Ksi (Axia!.)-o 129 - 132 (Rotary)
Composition: Not Available.

23. GMR - 25:u - Not Available
Composition: 65% Ni, 15% Or, 10% Fe, 5% Mo, 3% Al, 2% Ti.

24. s-816 (Ams 5765): Eu = 147 Kal.
Composition: 42% Co, 20% 0r, 20% Ni, 4% Mo, 4% w, 4% Cb, 4% Fe.

25. Udimet 500: Su - Not Available
Composition: Ni base, .1% C, 19% Cr, 19% Co, 14% Mo, 3% Ti,

2.9% Al, 4% F~e.

26. Ti - 14o (AMs 4923): Bu - 130 - 150 Ksi.
Composition: 5.5 - 6.75% Al, 3.5 - 4.5% V, .07% Ni, .1% H(max),

4% Fe(max).

27. Duralumin" Su a unknown
Composition: Al, Cu, M, Mg
Heat Treatment: unknown

2fl1
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C0Omposition TI tz o% Aip 41, VS .07% Ri(Ip.1 (max), .

.015% H(ma~x), .14% ife(meax), .3% 0(max).
Heat Treatment: A a So1 treated 1690*7, 12 min, V. Q., Aged

900F, 14 hours,, A.Ca
B . 801L Treated 16750Ps 20 min,. W.Q.,, Aged

900F, 1 hourso AM.

29. Incoorel X: Su 225 Ksi.
composition: 7fNo15% Cr,- 7% Fe., 2.5% Ti,. 1% Cb., .7% Ma,

Heat Treatment: Aged 1350%, 16 hours, A.C.
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S~I

I REFERENCE DATA FOR WEI L PA

(SPECIMEN CO MNDITIOS)

CARBON AND ALLOY STEE.

1. AISI 3140 Steel:
Tested at Room Temperature.

2. AISI 1045 Steel:
Hot rolled, lathed; tested at Room Temperature.

3. AMS 5727 Steel:

Ground and lapped, 10 RMS.

4. AISI 2340 Steel:
Hot rolled, lathe turned, hband polished, tested at Room TeMperatuxe.

5. AISI 4140 Steel:
Hot rolled, longitudinal machining (mechanical), teeted at Room
Temperature.

6. D6AC Steel (Ladish):
Vacuum furnace melt, hot rolled, machine polished with 600 grit
belt.

7. H-lI Steel:
Hot rolled, lathed, grain direction Is transverse to lengthvise
axis,

8A. AISI 434o Steel:

Lathe turned, mechanical polish,

8B, AISI 43 40 Steel:
for specnmens with Su - 144, 158, 171 Di, prepaation - hot rolled
"and lathed. yor specimens with Su m 27% 290 Ksi, preparation
w forged auA proud. All tested at Room TMperature.

9. Thernmld J:
Tes.ad at Boom Temperature.

.*o10, Fe - 5.5 14o - 2.5 Cr. - ,5C
Porged sad Swaged RM/

11.. M 10 Tool Steel:
Forged and 8Waged, lathe turned, 5 NIB, tested at loom Temperature.

- I
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STAINLESS STEMLS.

1. 321 Stainless Steel:. m~as edd
Hot rolled, me hanical po1imh*

Soespecimens .. ' Tnsoinr0) ed.

13. A-286 Stainless Steel:

Hot rolled1, mechanical Ipolish!
Some specimens T,I.U. welded.

1~4 3!astiness Steel:

Ho a T~ed., mechanical polish,* Tested at Boom Tempera-
ture.

Surface preparation code:
A. Stress relieved after surface finishing.
B. .Surface finished, stress relieved, refinished.
0. Heat treated after surface finishing.

Hot rold e mi edges,

1.7. 17-7 MH~ Stainless Steel:
Hot rolled, h1and polr&Me, ground edges.

MISCEI&1AMIE0S BASF, MATIRIUA1S

3.8. Tinkin 16-2..

19. taneol k0:
Complete reversed test, wunotched. specimen.

20. leel reere test, umistched specimen.

21. s-1 As23)
Completel reversed test, unnotohed specimen.
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22. Inco, us 26uJ:I'Completely reversed test, unnotched specimen.
23. GWR-_ 35

Completel reversed test, unnotched specimen.

2~4. s-1 A4S56)
Compltely eversed tentptunnotchod specimen.

Comnpletely reversed test, imntotched specimen.

26. Ti - 1140 (AMS 493):
Completeiy reversed test, unnotched specimen.

27. Duralum~in:
Non corroded and corroded in saltwater.

28. Ti -6AI -4V
Hotroled.

29. Xnoonel X.-
Hot RIMed
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AISI 1045 STEEL

Su- 105, 120 ksi ROTARY BENDING Composition 1

Heat Treetment"
Specimen Conditions
Meaning or Symbols

H.T. Su Spec Xo ksli b B ks±

Life, Cycle 104 105 106 iO4 i05 106 104 105 10 6

Effect of Heat Treatment

K1  105 V-N 56.o 39.0 27.0 1.67 2.25 2,.75 67.3 47.3 33.4
X2 120 V-N 54.o 36.0 24.2 2.72 3.1 3.25 65.3 44.25 29.9

Effect of Stress Concentration

KC1  1o5 Io-N 79.0 67.0 56.7 2.6 2.75 2.85 86.2 73.o 61.65
K1  105 V-w 56.0 39.0 27.0 1.67 2.25 2.75 67.3 47.3 33.4

1 For Composition - see page 198, Itew 2
2 Reat Treatment

A: K1 WQ for 15200F Tempered at I120$F, Su w. ).05 kai and S u 82 ksi
B: KI2 011 Quenched from 1520"F Tempered at 1050*, Sau-l 2o lsiuy-84 ksi

3 For Specimen Condition - see paga 203
4 For Meaning of Symbols - see pMge 46
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AMS 5727 STEEL

Su = 120 kni AXIAL LOAD Composition 2

SC e 30 ke eHeat Treatment 3S Completely Reversed Specimen CondIihon3
Meaning of Symbols.

T? Kt /O, kai b e, ksi

4 5 6 14 15 6 4 5 6Life, cycles 10 10 6 100 10 10 10 10 10

Effect of Temperature

80 1.0 68 61 55 2.5 2.75 2.8 74 67 61

1200 1.0 51 47 44 2.85 2.85 3.0 58 54 S5)

80 2.4 59 42 30 2.75 2.95 2.98 66 47 34

1200 2.4 29 24 20 2.21 2.3 2.32 36 31 26

80 3.4 48 31 19 2.15 2.15 2.33 61 38 25
1200 3.4 27 20 15 2.b2 2.75 3.02 33 25 19

Effect of Stress Concentration

80 1.0. 68 61 55 2.5 2.75 2.8 74 67 61
80 2.4 59 42 30 2.75 2.95 2.98 66 47 34
80 3.4 48 31 19 2.15 2.15 2.33 61 38 25

1200 1.0 51 47 44 2.85 2.85 3.0 58 54 50
1200 2.4 29 24 20 2.21 2.3 2.32 36 31 26
1200 3.4 27 20 15 2.62 2.75 3.02 33 25 19

°4

I For Composition -sea page 198 It'= 3.
2 For Heat Trastment - see page 198 Item 3

3 For Specimen Conditions - see page 203 Item 3
4 For Meaning of Symbols - use page 46
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I D6AC STEEL

S . 27n' ksi AXIAL LOAD Composition 2

U .5 =cAple ._-, UAv ersed 1 -: UL Tr oatm ent 3

y Specimen Conditi.on•
Meaning of S,'mbols

T Sm Kt Xo b
SLf yls 14 05 06 104 105 106 104 05 06

Lifo.1 cycles 10~ 10 10 0 s ~ 10~ 10

Effect of Temperature

80 000 1.0 160 90 N0 2.8 2.9 3.0 191 106 60

450 000 1.0 14o 11.5 90 3.15 3.3 4.6 162 129 102

550 000 1.0 125 100 78 3.7 3.8 4.0 161 125 98

80 000 3.0 52 40 30 3.3 3.4 3.8 82 66 53

450 000 3.0 73 41 34 2.1 2.54 3.4 81 46 40

550 000 3.0 63 44 35 2.75 3.0 3.4 70 it 40

80 30-50 3.0 55 38 26 2.7 3.1 3.25 66 46 32

450 30-50 3.0 39 34 29 3.8 4.1 4.7 48 42 37

"550 30-50 3.0 43 35 29 4.0 4.5 4.7 51 *42 34

Effect of Stress Conctntratton

80 000 1.0 160 90 50 2.8 2.9 3.0 191 106 60

80 000 3.0 52 40 30 3.3 3.4 3.8 82 66 53

450 000 1.0 145 115 90 3.15 3.3 4.6 162 129 102

450 000 3.0 73 41 34 2.1 2.45 3.4 81 46 40

550 000 1.0 125 100 78 3.7 3.8 4'.0 161 125 98

550 000 3.0 63 44 35 2.75 3.0 3.4 70 51 40

Miscellaueous Results I

80 100-135 1.0 98 81 65 3.6 4.0 4.2 119 96 78

450 85-131 1.0 75 60 48 3.8 4.0 4.2 115 91 72

550 90-122 1.0 110 91 82 2.6 3.25 4.0 122 101 90

1 For Composition - see page 198, item 6
2 For Reat Treatment - see pago 198, item 6

3 For Specimen Conditions - see page 203, 1t.emn 6
4 For Meaning of Symbo•s - @*a page 4b,
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I

M10 TOOL STEEL
Sju. 330 ksi ROTARY BENDING Composition i

Specimen Condit'on

Meaning of Symbols 4

H.T. 2  Kt Spec XO ksi b e ksi

Life, cycles 104 105 10 6  10 4  j.05  o06 10'4 05 106

Effect of Heat Treatment

A 1.0 No-N 152 133 117 2.67 2.7 2.73 185.7 163.7 144

B 1.0. No-N- .27 119 111 1.89 1.95 2.0 163.5 153.2 1.43.5

Miscellaneous Results

B 2.6 V-N 71 65 59.5 3.37 3.5 3.62 94.4 86.8 79.8

I For Composition - see page 200, Item 11
2 Heat Treatment

A: Preheat 14509F 1/2 hr, harden 21501F 5 min, OQ until blaok,AC, Temp.
10O0F 2 hra, A.C. Retemp II00l F 2 hrs, AC~after finishing op.
Nitrided 975OF 48 hra.

I B: Same as A but instead of nitriding stress relieve at 1000"F in
protective atmosphere F.C.

3 For Specimen Condition - see page 203, Item 11
4 For Meaning of Symbols - sie page 46

223

....... ........ ...................... .............

Downloaded from http://www.everyspec.com



4 ývf'4 .0 CV 4 in ON% cvn0 el . U *NC4

Ct'1" -4 4'M .1 . S *

M'C Ch 04% o % e

Itt . . I . S

tn -44% 6 -. 0 ý
Q qe 0 n4 r 94

4 M

5,. r4.4 l

-. 4 0

M00 -tL A 0 0 L

14 ýA 4 bQ C1

a 1- S 1: t C4 * *n Sn 4c S 4

0 .4r4(4~ C4( 0SS4 M p
4

4 C4

422

.4 4.
Q

Downloaded from http://www.everyspec.com



- <

knS

O00

C14 r4 1-4

44tM0 0 HC-
Cý r4 ; M j

In C

SI * * S

1 1414

54225

Downloaded from http://www.everyspec.com



I

A-286 TAINLESS QL

g U a go kBi AXt" LOAD Composition
8 a 46 ksi Completely Reversed Hest Treatmenti 3y Iepsoen Coaditio*Mowaing of Synbols"81

T .op Kt X1 kal b 9 kit

104 105 10o 1o+ 1o5 106 le' 105 to 6

Effect of Temperature

60 1.0* 40 31 24 1.84 2.1 2.7 54 43 34
-320 1.0* 61 58 54 2.3 2.34 2.45 78 74 70
-423 1,0* 73 67 67 L 12 2.3 1.33 64 78 72

80 3.5t 30 22 2.7 2.9 36 27
"-310 3.. 55 25 17 1.58 1.58 1.8 56 39 27
-423 3.5 3 0 12 5 2.15 2.25 2.37 56 36 15

80 1.0o 29 18 12 2.27 2.49 1.56 40 25 16
-320 1.0of 27 13 8 3.05 3.12 3.25 66 37 21
-413 1.0** 41 28 19 Z.48 2.51. 2.52 70 47 32

Effect of Otreis Concentration

s0 1.0* 40 31 24 1.84 2.1 2.2 54 43 34
so 3.53 30 22 2.7 2.9 36 27

-310 1..0* 61 58 34 2.3 2.34 2.45 78 74 70
-320 3.5* 35 23 17 1.58 1.58 1.8 56 39 27

-423 1.0* 73 67 67 2.12 2.3 2.33 64 78 72
-423 3.5' 30 12 5 2.15 2.25 2.37 86 36 15

Effect of Process

80 1.0_ 40 31 24 1.84 2.1 2.A 54 43 34
80 L.0 29 18 12 2.27 2.49 2.56 40 25 16

.320 1.0* 61 58 54 2.3 2.34 2.45 78 74 70
-320 1.0 27 15 8 3.05 3.12 3.25 66 37 21

"-423 1.0 . 73 67 62 2.1t 1.3 2.33 84 78 72
-423 1.0 41 28 19 1;48 2.51 2.52 70 47 32.

1 Por Compositton - see page 200, Item 13

2 lo leat Treatment gs page 200, Itm" 13 * Mechanically Polished

1" ' 3 ]or specimen conditions - see pag 204, item A Tuniten Inert Gas Welded

4 Vor meaning of mbote - see pae 46

226

S....... .. .....

0 :. .. .-. , , , ,.

Downloaded from http://www.everyspec.com



Su a 92 ksi AXIAL composition~ 2
'b M 0ka LOAD seat TreatwitC 3

SpeciMen COnuitiong
Losin of Symbols

Kt 5m xks:1 b us

Life, Cycles I10 104 101 to0 103 104 105 10 6 10 10 104t5 10

Iffect Of Strome c.onentrationl

1.0 25-35 26 26 1.47 1.55 32 30

2.0 25-35 54 35 23 3.9 5.2 5.6 56 38 30

4.0 25-35 S2 22 15 2.9 2.7 2.25 36 25 17

1.0 38-45 38 36 35 4.3 4.7 4.1 43 41 30

2.0 38-05 42 34 28 4.9 5.5 .647 39 32

miscellaneous Resualts

1.0 32-37 39 31 24 3.9 4.0 4.6 22 I5t2

2.0 18-22 16 17 3.6 3.9 22 214

4.0 10-15 9 83.0 3.6 . 1

1 7or Cappogitiml gase "ago 2001, Item 14

2 Yot lest Treatumet - see pag~e 200, Ite 14

3 For Specimen Conditlobl sea peao 204, Ite 14

4 For Meening of Symbols * se pap 46
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MULTww21 N-155

Su - 119 kei ROTARY, PLATE Composition1

8 a 60 kal AND AXIAL LADING Heat Treatment 2

Completely Reversed Specimen Oondition3.
Meaning of Symbo~ls

T of L opF Xoksi b X aL

Life, Cycles 1i 0 105 io6 4 105 106  104 I05 106

Effect of Test Temperature

Axial 1200 48,0 4.50 142.5 2.25 2.4. 2.52 514.7 51.95 149.0
Axial 1350 4.3.0 140.5 38.0 2.55 2.73 2.85 1.9.85 4.6.8 143.95
Axial 1500 27.0 24.3 22.0 2.8) 2.91 3.o 41.6 37.1 33.1

Rotary 12oo 14.5 13.0 41.6 2.77 2.9 3.0 5.185 1.9.85 14,.9M
Rotary 1350 11.0 ".0 32.5 2.28 2.28 2.5 ý5-5 7.3 44.1
Rotary 1W0 39.5 38.0 36.7 2.77 2.8 2.9 14.05 42.53 41.1

Rotary 15M• 39.0 33.7 29.3 1.27 2.37 2.,.5 18.5 42,0 36.15

Effect of Surface Teatment

Axial A 1350 13.0 40.5 38.0 2.55 2.7.3 2.85 19.8, 16.8 13.95

Axial B 1.350 35.0 314.0 33.0 2.23 2.27 2.-32 1.3.2 1Q.. 140.9

Effect of Type of Loading

Rotary 1200 44.5 43.0 .o 1.6 2.77 2.9' 3.0 51.85 19.85 47.95
Axial 1200 48.0 45.0 42.5 2.25 2.4 2.52 54.7 31.95 19.0
Rotary 1350 4.1.0 35.0 32.5 .2.28 2.28 2.35 55.5 4.7.3 144.a

Axial 1350 43.0 40.5 38.0 2.55 2.73 2.85 .9.85 46.8 .43.95

Rotary 1500 39.0 33.7 29.3 2.27 2.37 2.4,5 4.8.5 42.0 36.15

Axial 1500 27.0 214,3 22.0 2.83 2.91 3.0 1.1.6 P37. 33.1

1 .For Composition - see paMe 200, Item 15A ,

2 For Heat Treatment - see page 200, Item 15A

S For Specimen Condition - see page 204, Item L5A

4 For Meaning of Symbols - ee page 46
A Lathed
B Milled

22n1

-I *-T:----*- --- .1 
-li'

Downloaded from http://www.everyspec.com



714

CI 0 4 tCP% V0Q

coJ 4-1 I %O% Ch M n

o 0 .0 A

c Ci *C' 11 CO 0 4

KS A

w4

If do,..

gob.

H.I m sI0

229

Downloaded from http://www.everyspec.com



OR Oi R

444

3230

Downloaded from http://www.everyspec.com



I

1P 15-7 No0 U-AfL•IS 8OZn&

8u a 201 kea AXIAL LMD Coupolitton 2
8y a 196 kei Completely Reversed lMet Treatment 3Y "isen Condititonp.

Hm8ni*S of Syabols

T, OF Mt kei b 0 kai

Life, cycles 104 ,o 106 104 105 106 104 105 106

Effeut of Te"perature

80 1.0 145 104 75 1.68 1.73 1.78 169 119 86
500 1.0 120 73 2.8 2.85 129 79

80 4.0 '42 31 23 2.35 2s4 2.43 56 41 30
500 4.0 36 32 29 2.55 2.58 2.7 41 37 32

Iffect of Stress Concentration

80 1.0 14, 104 75 1.68 1.73 1.78 169 119 86
80 4.0 42 31 23 2.35 2.4 2.43 56 41 30

500 1.0 120 73 2A8 2.85 129 79
500 4.0 36 32 29 2.55 2.59 2.7 41 37 32

a,.

* I For Composition - see paes 200 It.. 16
2 or Moeet Treatueant - see Ilse 2b, Item a6
3 For fpecimen Cciditione see pole 204, Itea 18
4 for Nseins of Syabole - see peso 46

Y3.
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Su w 205 ki AXIAL LOAD (.omposition1

Gy w 195 kal Cop1.ete3V Reversed Heat TreatmeniL2

Specimen Condition3
Meaning of Symbols 4

Kt Spec X kai b e kel

Life, cyoles 104  10 106  10 105 10 6  0 105 106

1 No-N 90.0 82.0 63.0 8.3 6.0 6.0 153.6 126.6 88.6

2.3 H-N 76.0 56.0 4o0.5 3.5 3.9 4.2 80.24 58.82 43.1.5

4.o H-N 44.2 31.0 21.7 4.8 4A4 4.3 47.4 33.) 23.4

5.0 H-N. 39.2 28.5 -0.8 3.8 3.4 3.1 41.59 30.4.3 21.74

1 For CWceoition - oee page 201, It•m ,
2 For Heat Treatment - see page 201, Itew 17
, For Speoimen Condition - ase page 204, Item 17
4 For Meaning of Symbols - see page 46
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uI

XO, ksi b O, ksl

Type of Temp.Loakiing or 104 105 106 104 105 106 104 105 106

TDIMN 16-25-6

AXIAL LOAD composition 2
Completely Reversed Heat Treatment 2

Meaning oV Symbols'

Effect of Temperature

Axial Room 63.0 58.0 53.0 4.8 5.0 5.2 '11.1 654 60.1

,×Xil 1200 47.o 43.0 40.0 4.4 5.0 5.2 56.9 53.5 50.0

STANLES 4SS

AXIAL AND PLATE LOADING Composition 2
Completely Reversed Heat Treatment 2

Meaning of Symbolsd
Effect of Temperature

Axial Room 75.0 69.0 65.0 1.9 2,5 2.65 78.4 73.1 68.0
Axial 500 59.0 54.0 50.0 3.o 4.3 4.8 65.6 61.7 58.2

Akial 700 58.0 55.0 49.0 4.7 4.82 5.1 62.2 59.4 53.0
Axial 900 50.0 45.5 41.6 5.2 3.8 4.1 57.2 46.6 42.68

Rotary Room 95.0 76.0 60.0 3.2 3.5 3.7 106.0 85.4 69.9Rotary 700 80.0 62.o 49.o 3.8 5.1 5,9 86.5 67.2 52,6
Rotary 900 71.0 58.0 .47.5 3.45 3.55 4.8 74.2 60.5 49.7

Effect of Type of Loading

Axial Room 75.0 69.0 65.0 1.9 2.5 2.65 78.4 75.1 68.0

Rotary Room 95.0 76.0 60.0 5.2 5.5 3,7 106.0 8.=,4 69.9

Axial 700 58.0 53.0 49.o 4.7 4.82 5.1 62.2 59.4 55.0

lRotary 700 80.0 62.0 49.0 3.8 5.1 5.9 86.5 67.2 5ý.6

Axial 900 50.0 45.5 41.6 3.2 3.8 4.. 57.2 46.6 42,68

Rotary 900 71.0 58.0 47.5 5.45 5.55 4.8 74.2 60.5 49.7

1 For Composition - see page 201, Items 10, 19
2 Heat Treatment Unknown
3 For Meaning of Symbols - see page 46
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X0 , ksi b 0, ksi

Type of Temp.

Loading 'F 104 1O5  106 104 109 106 104 j0S 106

LAPELLOY 311

AXIAL LOAD Composition 2

Completely Reversed Heat Treatment2
Meaning of Symbols

Miscellaneous Results

Axial 1100 35.0 33.0 31.0 4.5 4.8 5.0 42.2 39.9 37.7

s-816 (AMS 55314)1

ROTARY BENDING Composition 2SHeat Treatmneit2

Completely Reversed H a
Meaning of Symbols2

Effect of Temperature

Rotary Room 100.0 81.0 65.0 2,8 2.9 3.2 122.5 99.5 82.1

SRota:• 1350 58.0 50.0 44.0 3.5 4.1 4.6 70.2 61.8 51.4

Rotary 1650 15.0 13.0 12.0 3.3 3.4 3.5 42.0 39.0 36.6

INCO SHS 260

AXIAL LOAD Composition 2; ~Heat Treatment2

Completely Reversed Heat Te ment2•; Meaning of Symbols 3

Effect of Temperature

Ax0l 525 1 l0 
.0 60.0 3.8 4.l 4.3 190.0 136.0 102.0

Axial 800 100.0 75.0 55.0 5.8 6.0 6.5 160.0 119.0 89.0

GMR-235I

AXIAL LOAD Composition 2

Completely Reversed Heat Treatment2
Meaning of Symbols'

Effect of Temperature

"Axial Room 714.0 56.0 42.0 2.4 2.7 2.8 79.9 60.81 46.05

Axial 1200 43.0 39.0 35.5 3.9 4.0 4.1 53.4 483, 4 3 44.18
Ax a .3 2 - 2 83 .5 2 . 27.55i Axial 1650 26.5 24.5 23.0 . .7 .8 09 9.

IFor Ccmposition - see page 2q)i, Items 20p 21) 22, 23

2 Heat Treatment Unknown
For Meaning of bymbols - see page 46
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X0 , kei b 0, ksi

Type of Temp.Lmding °F 104 0 106 104 105 106 10 10 106

s-816 (AMS 5765)

AXIAL, PLAnT, AND ROTARY BENDING Composition 2
Complete:ly Reversed Heat Treatment 2

Meaning of Symbols3

Effect of Temperature

Axial Room 55.0 54.0 52.0 3.7 4.1 4.6 69.2 67.1 65.2

Axial 1500 39.0 37.0 ";6.0 3.1 4.1 4.8 42.8 41.2 39.6

Axial 1650 37.0 32.0 28.0 4.6 5.2 5.6 44.0 38.6 33.9

Plate Room 75.0 60.0 50.0 4.5 5.0 5.3 110.0 93.1 79.2

Pla.te 1200 76.6 72.4 68.8 2.05 2.48 2.95 78.88 75.04 71.22

Effect of Type of Loading

Plate 1200 76.6 72.4 68.8 2.05 2.48 2.95 78.88 75.04 71.22

Rotary 1200 62.0 57.0 54.0 2.42 3.0 3.4 79.2 76.8 75.3

AXIAL LOAD Composition1  2
Completely Reversed Heat Treatment2

Meaning of Bymbols•

"Effect of Temperature

Axial Room 116.0 92.0 76.0 2.35 2.5 2.7 136.5 112.7 92.4

Axial 1200 84.0 78.0 71.0 3.1 3.13 3.25 96.4 87.65 80.45

Ti-140 (AMS 493)

ROTARY Bk1FDjLN1 Compositionl 2
Completely Rcversed Heat Treatment

Meaning of Symbolsd

Effect of Temperature

Rotary Room 83.0 62.0 45.0 2.4 3.22 3.5 113.9 87.3 67.2
Rotary 600 85.0 61.5 45.0 2.35 2.6 2.b5 92.1 67.8 50.28

1 For Compos~bion - see page 201, Items 24, 25, 26

2 Heat Treatment Unknown
3 For Meaning of Symbols - see page 46
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a225 kaitAALLOoets 2
6.104 kei RUK ~est 2tsNo

!.lF ype of X0 mi Oe

Lit*, cycles 10 10 10 105 o 10 410 5 10 310 10o

399144t 0f Tt~pteture

200. Axial 30 4 o .6 .7 a 7 37 7400 Axial 54 44 35 4.1 4'ý6 .6.1 3* 40860 x'l59 hj9 42 1.5 C.3 2.4 *5 6 4713I Axial 29 27 24- 2.2 LS~0 $.~ 1 29 171~0Ail 7 1 2 3.4 3.7 4.0 23 20 17,

w~cellansous Results
s0 Rotery 69 So 3e 1.0 1.12 1.3 71 33 39

1 For Owpoeftim see p 202, Use 29
2 Tr1Str Ut Wa uI-geepp 202, Etsm 29
3i Par Spectimen Coadftiouae - am. poe. 204, Item 29
4 7or MLog of Sf'mb.1e a"eepage 46
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V I

UIIINCIs iO FATIGUE 8TltlGmIIM5 DATA .

1 through 7 Mechanical Properties Data Center (MPDC) Traverse
S~City, Kaihigan.

Bk Asronautical Systems Divieion (ASD), Tech. note 61-117,
Part 111, Mechanical Properties Information Processing
System. "'atigue oat Metal, Low Alloy Stoels" Sec. 1.
Feb. 1962, Balfour Mng. Coe, Buttons lay, Michipan.

81 through 11 PIDC (See Above)

18 throngh 26 ABD Tech. Mote ,61-117. Part 11, "latigue of Metals -
Corrosion and Meet ,Resistant Metals," Nov. 196i.
Balfour gas. Co.9 Buttons lay, MichilPe.

27 L. 1. Jackson, H. J. Groover, RL C. 14aMstets lV6oy17
Report on thse"atilue Properties of Aircraft Materials and
Structures." OS8D, Rep.96600.

28 and 29 lPQc (See Above)
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nwam TO WEnmUL PMA=

'LINS= STim OF VAIOOUS fm muRII

where "
Material Weibull arameterm

for a given Material
can be locnted

1. (.12 - .17A) C Steel. 245

2. (.08 - .3o)% c steel. 245

3. (.18 - .24• c Steel. 245

4. (.08 - .35)3 C Steel. 245

5. 5% Or, .5% Mn, .5% Tp, .12% C Steel. 246

L~ 5% Or. .5% Mo, .2% C Steel. 246'

7. 17% Or, .12% 0 Stainless Steel. 246

8. 2.25% Or. 1% Mot .15% C Steel. 246

9. 1.25% Or, .5% ot, (.07 - .15A) c Steel. 246

10. 25% Cr, 12% Ni Stainless Steel. 246

ii. 18% Cr, 8% Ni + Ti Stainless Steel. 247

12. 18% Or, 8% Ni + Ob Stainless Steel. 247

13. 18% Or, 8% Ni Stainless Steel. 247.

14. 18% Cr, 12% Nip 2% Mo Stainless Steel. 247

15. 25% or, 20% NI Stainless Steel. 247

16. SA 434o Steel. 247

17. SAl 41o• t Seel. .248

18. 1.25% Or, :5$ H, .25% v, . c Steel. 24

19. 1% Or, .35% Mo, .25% V, .4% C Steel. 248

20. D6AC Steel. (Ladish). 248

243
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Errect oi Temperature on lenaije btrength
of Various Commercially Available Materiale

SMaterial Heat Tamp. S Su Xo b a
Treatment OF Y

ksi ksi ksi ksi
Killed Carbon Steel N8rmalized 70 41.0 60.0 52.0 1.42 61.8

(.12-.17)% C at 1725 0 F 1O00 17.0 31.0 23.0 1.90 35.4
.55% (max) Mn Dravn at
".09% (max) P 1200°F for
.06% (max) S I hr
.28% (max) Si 70 41.0 16.0 54.5 1. 62.2

Annealed 900 20.0 41.0 33.0 1.70 44.0
Iaow Carbon at 1550°F 1000 17.0 31.0 20.0 2.05 36.0
Low Alloy Steel for 1 hr 1100 14.0 23.0 11.0 2.40 25.4

1200, 10.0 16.0 7.5 2.49 17.4

2. (.08-.30)% C 70 42.0 62.0 36.0 2.90 65.0
1.0% (max) Mn 300 37.0 66.0 48.0 1.70 71.2

.050% (max) P 400 35.0 67.0 52.0 1.40 72.5

.060% (max) S 500 32.0 66.0 57.0 1.07 72.5

.25% (max) Si 600 29.0 63.0 61.0 1.12 65.2
Low Carbon None 700 27.0 55.0 53.0 1.23 60.9Low Alloy Steel Ieoified 800 23.0 45.0 28.0 1.65 51.5

900 20.0 35,0 27.0 2.30 41.0
* 1000 17.0 27.0 14.0 2.60 32.0

1100 13.0 20.0 10.0 2.80 24.5
1200 10.0 14.0 4.0 3.00 15.5
1400 4.0 7.5 2.0 3.20 7.6

3.
Killed Carbon Steel 70 37.0 63.0 59.0 1.70 64.8

(.18-.24)% C 200 35.0 59.0 57.0 1.90 60.0
.867 (max) P Stream 400 32.0 66.0 55.0 1.14 67.3
.032% (max) Mn Relieved 600 28.0 63.0 57.0 1.05 64.8
.043% (max) S 800 25.0 52.0 49.0 1.80 53.7
.24% (max) Si 1000 20.0 34.0 26.5 2.40 35.3

Low Carbon
Low Alloy Steel

4. (.08-.35)% C 70 40.0 63.0 54.0 1.45 65.5
(.30-.80)% .M 750 30.0 62.5 53.0 1.50 64.5
(.10-.50)% Si None 900 26.5 54.0 44.0 1.55 53.0
.04% (max) P Specified 1000 23.0 46.0 37.0 1.80 51.8
.05% (max) S 1100 19.0 38.0 34.0 2.00 40.2

(.40-.65) Mo

Low-Medium Carbon
Low Allo Steel

245
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5. Material Heat T8mp. S S XTreatment u " y u 0

5.07. Cr 900 20.0 50.0 44.0 1.36 50.9
0.5% Mo (1-.5)% Ti 1000 17.5 44.0 38.0 1.43 44.8

.12% C Annealed 1100 15.0 37.0 31.0 1.50 36.1
.at 15500F 1200 13.0 28.0 21.0 1.90 28.4

Low Carbon 1300 10.0 19.0 10,0 2.35 19.0
High Alloy Steel 1400 7.5 13.0 5.0 2.70 12.6

5.0C Cr 70 30.0 71.0 57,0 1.42 73.0
0.5% Mo 400 26.0 68.0 55.0 1.55 61.5
0.2% C 600 24.0 58.0 53.0 2.00 59.9

900 20.0 51.0 42.0 3.00 52.3
None 1000 18.0 43.0 32.0 3.40 44.0

Low Carbon Specified 1100 16.0 34.0 28.0 3.60 34.2
High Alloy Steel 1200 14.0 25.0 16.0 4.20 26.1

1300 10.0 17.5 9.0 4.70 18.9
1400 8.0 12.0 6.0 4.80 12.1

Stainless Steel 7P 39.0 72.0 68.0 1.50 74.0

17% Cr Annealed 1300 8.0 15.0 7.0 2.10 16.2
.12% (max) C at 195007 1400 6.0 10.0 5.0 2.50 11.5

1500 4.0 6.0 3.0 2.60 6.95

82.25" Cr Annealed 70 41.0 74.0 65.0 1.35 71.9

1.07 Mo at 1550°F 1100 30.0 54.0 36.0 1.50 43.5
0.15% C Cast 70 65.0 92.0 65.0 1.80 93.5

1000 40.0 58.0 46.0 1190 60.1
Low Carbon Normalized 70 75.0 110.0 54.0 1.15 126.0
Low- Alloy Steel at 165007 800 75.0 110.0 53.0 1.90 126.0

Drawn 900 70.0 107.0 52.0 2.40 111.0
at 13000F 1000 60.0 95.0 51.0 2.45 101.0

9.1.25%'Cr-0.5% Mo Normalized

0.07-.15)% C at 17000F 70 55.0 75.0 64.0 1.90 78.8
Low Carbon Drawn
Low Alloy Steel at 1300OF

10.
Stainless Steel 70 57.0 80.0 63.0 1.15 91.0
257. Cr-12% Ni 800 41.0 69.0 62.0 1.19 74.5

.20% (mas) C 1200 31.0 52.0 37.5 1.17 56.9
AnneaAoed 1300 28.0 44.0 36.0 1.80 49.3
at 200007 1400 26.0 36.0 21.0 2.00 38.9

1500 25.0 27.0 17.0 2.10 28.2
1600 20.0 20.0 11.0 2.20 21.5

246
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II
Material Heat Temp. Sy S 0 b 9

11. Treatment O0
AP

Stainless Steel 70 35.0 85.0 71.0 1.80 87.0
18% Cr-8%. Ni .G% Ti 1000 30.0 55.0 46.0 2.00 60.4
(.04-.09%% C Annealed 1200 28.0 45.0 35.0 2.30 49.2

at 1950°F 1300 25.0 41.0 21.0 2.50 43.0
1500 18.0 22.1 11.0 2.75 24.5

12.
Stainless Steel 70 38.0 85.0 75.0 1.50 87.5
18% Cr-8% Ni +.8% Cb 1000 29.0 60.0 52.0 1.55 63.3
.06% C 1100 27.0 58.0 51.0 1.60 60.0

Annealed 1200 25.0 47.0 40).0 1.70 48.7
at 19000F 1300 22.0 44.0 40.0 1.70 45.2

1500 18.0 25.0 13.0 3.00 26.7

13.
Stainless Steel 70 45.0 85.0 73.0 2.40 86.9
18% Cr-8% Ni 800 25.0 60.0 51.0 2.60 63.5
(.02-.09)% C Annealed 1000 20.0 54.0 45.0 2.80 55.6

', at 19500F 1200' 18.0 45.0 36.0 2.95 47.8
1400 14.0 31.0 20.0 3.10 32.2

14.
Stainless Steel 70 41.0 88.0 79.0 1.08 89.0
18% Cr-12% Ni-2% Mo 600 31.0 73.0 66.0 1.12 75.8
.08% C 800 27.0 72.0 65.0 1.23 74.6

Annealeg 1000 24.0 69.0 60.0 1.39 70.3
at 1950 F 1200 21,0 55.0 44.0 1.50 56.8

1300 19.0 47.0 35.g. 1.55 52.3
1400 18.0 35.0 24.0 1.75 38.2
1600 17.0 21.0 13.0 2.00 22.8

15.
Stainless Steel 70 32.0 88.0 80.0 1.17 89.2
25% Cr-20% Ni 1000 24.0 70.0 65.5 1.20 73.2
.25% (max) C Annealeg 1300 20.0 47.0 40.0 1.33 48.5

at 2000 F 1400 1910 37.0 30.0 1.38 38.8
1500 17.0 34.0 17.0 1.40 36.0

,, E 4340 Steel 70 90.0 120.0 101.0 1.09 124.5
.4% Cr-.4% Ni- Normied 850 65.0 90.0 72.0 1.13 100.5
4% Mo at 1600O" 950 50.0 78.0 55.0 1.59 92.5
(.35-.50)% C Tempered 1000 50.0 70,0 53.0 1.90 79.8
Medium Carbon at 12000F
Low Alloy Steel

247
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Material Heat Temp. S S X b 0
17. Treatment F y

SAE 4140 Steel Quenched 70 115.0 125.0 113.0 3.20 130.5
.92% Cr-.6% Mn- and 1000 56.0 75.0 50.0 4.00 81.5
.25. Si .4% C Tempereg
Medium Carbon at 1200 F
Low Alloy Steel

10.
1.25% Cr-.5%. Mo Normali.ed 70 122.0 145.0 115.0 1.65 149.5
-. 5% Mn-.6% Si- at 1725 F 1000 75.0 95.0 70.0 2.05 99.5
.25% V Drawn 0

Medium Carbon at 1200 I
Low Alloy Steel

1.09 . Cr-.35% Mo Normaliued 70 125.0 146.0 133.0 1.80 150.5

-. 25% V .4% C at 17001F 900 90.0 10940 88.0 2.40 117.5
Medium Carbon Tempered
Low Alloy Steel at 12000F

20.Tmpere
D6AC at 115001 70 119.0 2.00 194.0
Unnctched Steel 1200_F 70 139.0 2.30 145.4

1250 F 70 101.0 3.30 124.,5

[ 248
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II

REFER~i1CES FOR TENSILE STRENGTH DATA

Materials: Soutrce:

1. ASTm STP # 180 (1955)

2. ASTM STP # 100 (1950)

3. ASTM STP # 180 (1955)

4. ASTM STP # 100 (1950)

5. ASTM STP # 100 (1950)

6. ASTM STP # 100 (1950)

7. Scainless Steel ASTM STP # 100 (1950)

8. ASTM STP # 151 (1953)

9. AST( STP # 151 (1953)

10. Stainless Steel ASTM STP # 100 (1950)

11. Stainless Steel ASTM STP # 124 (1952)
a12. tainless Steel ASTM STP # 124 (1952)

13. Stainless Steel ASTM STP # 124 (1952)

14. Stainless Steel ASTM STP # 100 (1950)

15. ASTI: STI # 100 (1950)

16. ASTM STP # 199 (1957)

18. ASTM STP # 151 (1953)

19. ASTM STP # 199 (1957)

20. Mechanical Prk.,erties Data Center Search I 1333

249
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,-.S.

1DW TO WZI3JLL ARAHM)'

RUPTURE STENOTI OF VARIOUS MATERIALS

v bere
Material Weibull Parameters

. for a given Material i
can be located

S- w-v253i
1. 12 r -75 Mo-V I 253

2 12 Or Steel 253

3. 12 • r - Cb Steel 253

4. 12COr -2.5W-V 253 "
50. 12Or -5 Co - 3W-V 253

6. 13Or -W-Mo - V 254

i .. 17 -22 A- "Ssteel 254

i .12 - .17 C Steel 254

o. .•8 4 C Steel 254

10•. AS. A -201 • Steal 25

" '•' 254

11. 17- -22 A-3 5

12. .5 r - 5 Mo )o +te4

13. .5 k*b Steel 254

14. 5.0O~r .5No -Ti. 255

.15. 8Cr-Wi~+ o+0b255

16. 18 r- 8 3 +Cb 255

17. 18a -8R1 255

18. 434o Steel 255,,A

19. C - .% Mo Stel. 255

20. 5%COr51jNo 255

21. i80 or 0 i. 256
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RPFFJ.ENCES FOR RUPTUM'. STRENGTH DATA

m~aterials: 22urceo:

1 through 6 ASTb4 STP 0 228 (1958)

"7 ASTM ST? # 199 (1957)

8 through 10 ASTM STP # 180 (1955)

11 through 14 AS.14 STP I 151 (1953)

1.5 through 17 ASTM STP # 124 (1952)

18 ASTH STP f 199 (1957)

19 through 21 AST1( STP # 100 (1950)

, 2,

257
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APPENDIX 2 TABLES OF INTERFERFENCE VALUES
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A-2,1 STRESS DISTRIBUTION - NORI•AL

STRENGTH DISTRIBUTION - WEIBULL
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TMBLNS 07 II4TERFUKUCIB C"(4j

Stress Distribution: Normal Strength Distribution: Weibull

$ - S (Equivalent X Depend on
equ Stress) 0,o the- material

(r 0 and the
operating conditions

f.)Ste Strength• f (x) Str as

X X. x-S(Ksi) -- Dx
0 equ

Figure A-2.1 Interference with Standard Deviation of Stress
Equal to Zero

b
b-1

.f•\b _ 1,¢.) - • C" - ,,$"n'o
• -xo 0 - zoj

F(x) - Jf (x)dx
,:(0

fF - f(x)dx - Y dy r -,, - e
x0 0 0

wh.re X a(x : • b
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TABLES OF INIERFERENCE

Stress Distribution: Normal Strength Distriuutioa: Weibull

S (Equivalent x Depend onSequ Stress) a the material

b and the
equ 0 eoperatilng

conditions

,tesStrength
Stress

(Kai) x
Figure A-22 Interference with Standard Deviation of Stress

Not Equal to Zero
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A-5 MATIHZATICAL TMOHIES OF AAALYTICAL EXPRESSION

A-3.1 INTRODUCTION

A-5.1.1 The Concept of a Random Variable

Interference Theory is concerned with the interplay oi' two vari-

ables X and Y called the strength and stress respectively. Each vari-

able is considered to arise as a consequence of performing some action and

measuring the resulting value o0' the variable. Unlike other such problems

frequently considered in engineering, however, one cannot predict with

certainty what value of the variable will result as a consequence of a
given action. For example, one cannot predict with certainty the strength

of a manufactured part prior to performing a strength test on it. One

feels from experience that the strength will lie in some finite interval

or that in the past the average strength has been some known value. But

that is quite different than knowing with certainty what strength this part
will have. Hence it is convenient to consider both strength and stress to

be random variables--variables whose values are not known with certainty
prior to performing some test.

As is usual in studying random variables one associates with the '
possible values that the random variable can take, a set of numbers called

the probability that the random variable takes less than that value. The

function, F(y) that assigns these numbers is called a distribution

f"nction and its derivative, if it exists for all y ,

f(y)dy dF(y)

is called a probability density function. From data analysis of the type

performed in Section 6 of this report one estimates the density function
or distribution function from given data. Hence one starts the mathe-
matical study of interference assuming that X) the strength and Y, the

stress, are random variables with known distribution or density func- .1

tions, F(x) and G(y) or f(x) and g(y) respectively.

A-3.1.2 Interference Theory and Random Variables

Interference theory is concerned with the problem of determining

the probability of failure of a part which is subjected to a stress Y and

which has a strength X.. It is assumed that both X and Y are random

variables with known probability density functions. One says failure occurs

whenever stress exceeds strength. Hence, the probability that failure occurs
39S
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is equivalent to the probability that struas excecde nLrexngth. In t:ymbols:

Pr(failure) Pr (Y > x)

A-3.2 Determination of Probability of Failure

It is clear from A-3.1..2 'that to determine the probability of
failure one needs to explore the probability that one random variable,
called stress, exceeds another random variable, called strength. In practi-
cal application it is to be expected that the random variables are independ-
ent of each other in ttie sense that knowledge of one does not allow one to
predict the other any more closely than would the absence of such knowledge.
In symbols one would say that the random variables X and Y are inde-
pendent if

Pr(XIY) - Pr X).

Roughly in words, this statement says that the probability of X is the same
whether one knows the exact value of Y(P(XIY)' or not, (P(X))

There are four main ways to determine the probability of failure
from the above considerations. In any given case we will use the form most
easily calculated.

a. One can fix attention on some particular value pf one of the
random variables, say Y and determine the probability that the other
random variable does not exceed this fixed value, say y . The probability
that X does not exceed a fixed, given value of Y is written as

(1) •r(X<yIY y)

In terms of density and distribution functions this is equivalent to

yi

fr(x )dx

for those cases where X takes only non,-negative values. If one now
multiplies (Ci)by the probability that Y .. is in the neighborhood of y ,

399 '
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U

one obtains a Joint probab•iity function

Fy
P(x < y; y <-Y < y + dy) f f(x)g(y)dx

00

The probability that X < Y for any value that the random variable y can

take on is given by

(2) P(x < Y) f(x)g(y)dxdy
[ o

in the nase the random variable Y is distributed on the non-negative axis.

Since failure occurs whenever X < Y , formula (2) gives the probability of

failure sought. It is expressed in terms of the double integral of the
known density functions.

'b. One can, dfi• a new dummy variable

Since X and Y are random variables their difference, 2 is a random

variable, Further, S.f X and Y are distributed on (0,0) , Z is dia-

tri)uie4 on (-vo,m) . 'The probability of failure then is equivalent to the

probability thap Z is non-positive, Pr(Z < 0). The problem 'the n La to
find h(z) , the probability density function for Z . From this the desired
probability of failure ca> be obtained in a simple fashion.

To motivate the study of interert, let us solve for the following
simple problem in detall. Assume X has a probability density function

ffx) = 1/b and Y is identi.ally distributed. Both are distributed on
the inr,-ger 1, 2, ... 6 . So formally

a for' x-1, 2,, ,56

u0 elect,:here

and Y is independent and identically distributed.

400
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Y Now conzidcr a table ,.rf X I:vn Y v,,1cr , t.bd 1iff.-irnn'f

X value 1 2 3 4 5 6
1 o 1 P 3 4 5
2 -1 0 1 2 3

Y value 3 -2 -1 0 3 2 3
4 -3 -2 -1 00 1 2
5 -4 -3 -2 -1 0 1

6 -5 -4 -3 -0 -1 o
/

For X =I and Y = 1, Z 0 . The probability that X 1 and Y= 1
is 1/36 since X and Y are independent. The probability associated
with each cpll in the above table is 1/36 . Now notice that if Z = 0 then
X-=- ; Y = 1 or X = 2; Y 2 or X = 3; Y-. 3 etc. Hence the probabil-
i tý that Z = 0 is given by 1/36 + 1/36 + 1/56 + 1/36 + 1/36 + 1/36 = 1/6.

If now, we let h(z) - the probability that X - Y = Z for fixed Z then
h(z) is desired probability density function. From the above discussion,
it is clear that f(x)f(y) is the probability that both X and Y take
on desired values. In every case X - Z + Y for the X, Y, Z of interest.
Hence f(y+z) f(y) is the probability that X'm Z + Y and Y - Y for
any Y and fixed Z . The above probability is the Joint distribution of
Y, Y + Z , say g(y,z) . It is well known that to get the marginal distri-

, bution h(z) *from g(y,z) one merely "sums over all y ." One must remem-
ber that both XY are distributed on some interval (1, 2 ... 6 in thin
example) and hence the sum must be over "Permisable values of Y ." Le-.
us see what these are in this example.

X is distributed on 1, 2 ... 6 and f(z+y) is the probability
distribution of X . Hence, z+y cannot exceed 6 nor fall below 1
Thus at the upper limit z+y a 6 and at the low limit z+y a 1 . Or
y = 6 - z and y - 1 - z • Now let us look at the YZ plane. (See the

Figure A-3.1i).

Clearly g(y,z) can be summed only over the y values defined
in the rectangle. But below the y axis this means y is summed from
1 - z to 6 and above the y axis, y is summed from 1 to -..
Hence we must consider two parts of the sum as follows.

401
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Y Z-
3

-3

Fisure A - 3.1 Permissible y Values
for Z "X Y
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YI

6=]-z
F, f(z+y) 1r(y,) if 0 < z < 5.

If -

(Note that Z =0 could( be in either mmn--but not both- -arbitrarily it

has been put into the second.)

Now recall f(x) = 1/6 for all x 1)i 2 ... 6 and similarly

for y •Hence

6
Now reontli £(x) 1/ 36 o l x. , .. 6 an si r y

h(z) .Z 1/36 , > z >-5,
y=l-

6-z
SZ .1/36) 0 < z <

y=l -.-

•'om this it follows that:

h(o) = V/36 [1 1 + 1 + i + 1 + i] 6/36,

h(l) 1/36 11 + 1. + I + I + 1] - 5/36,

h(2) i/36 [1 + 1i+i +1] =4/36,

h(3) = 1/36 [1 + 1 + 1] = 3/36,

h(+) 1/36 [1 + i] = 2/3b,

h(5) 1 1/35 Il] = 1/36,

093

Downloaded from http://www.everyspec.com



h(-l) 1/5t [ + 1 + 1 + 1 + 1] =

h(-2) = 1/36 (1 + j + 1 + 1 -4/36,

h(-5) = 1/36 [1 + 1 + 13 3/56,

h(-4) = 1136 11 + 13 2/36,

h(-5) = 1/36 [1]1 1/36.

A picture of h(z) is given in Figure A-3.2.

The probability of failure in this case is given by

0

E h() -1/2.
z=-5

Having solved the foregoing simple problem one is able to gener-
alize. Because of the special nature of the interference troblem we assume:
X has probability density function f(x); Y has probability density
function g(y) and both are distributed on (0,m) . Note that we are
allowing f and g to be different. Hence we have dropped the assumption
of identically distributed random varia'iles although we continue to assume
that they are independent.

As in the previous work it is clear that the only difficulty in
finding h(z) is in finding the correct limits on the integrals. The
probability argiments are trivial. Since we have assumed that both X and
Y are distributed on (o,ao) we can give a complete solution to this
problem. For cornsider the yjz plot again. Since x-O is the minimum
value that X can take we must have y + z t 0 or y a -z as the lower
bound of the area to be considered. Since x - w is the maximum value that
x can take there is no upper bound on area. Hence all values of permiss-
able Y's are included in the area above. These are shown in Figure A-3.3,

404
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h(z)

6/36

S -5/366

A/36

-3/36 5

0 "2/36

* -1/36 6

-5 -4 -3 -2 -1 0 1 2 3 4 5
Vi

Figure A - 3.2 Probability density function h(z)
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Figure A -3.3 Area of integration for the difference
of two non-negative randout variables
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airtl une crun pursue the probability ;,.rrpiments 1 ruuI ;ei . r. .. >

(3) h(z) f(z+y)g(y)dy,

IjV f(z+y)g(y)dy, z >6,

f(z+y,)g(y)dy, z ' 0.

-Z

Clearly this solves the problem in gener&] for i,
x,y extenstons to other domains for X,Y fcll6w quite retd,

It follows then that with Ihe above iormulation one need no.
resort to Monte Carlo simulation. At worst one must evaluate, nunmiricul,.ij,
+1. .1v-e integrals. In some cases the h(z) cea be obtained in rlosde,

Iorm. in the often considered case in which X and Y are normoaly
distributed, the probability density function of z is known to be normal.
Hence Pr(z < 0) is obtainable from tables of' the normal curve. We wiU]
show this to be 'true in A-3.3.1.

c•lFrom the definition of a probability distribution function
one sees from formula(2) that the probability of failure can be expressed
as:

(4) P-(x < Y) F(y)g(y)dy

where F(y) is the probability distribution function )f X evaluated at

the point y . Formula(4) is convenient to use whec F(y) is easily
determined as in the case of strength's that are Weibull distributed.

An equivalent representation obtainable from Formula (2) is

(N) Pr(x < Y) = [1-G(x)] f(x)dx

where G(x) is the distribution function of the random variable Y
Again this is convenient to work with in some cases such as stresses that
:,rc Weibull distributed.

407
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Since

1 f(x)dx 1,

formula(5) can also be written as

(b) Pr (x < Y) = .- G(x)f(x)dx
0

Each of the formulas (2), (3) , (4) , (5) , (6ý are easier to work
with in special cases than the others. In developing the examtples and
tables in this report we have chosen the particular integral that appeared
easiest for the cases considered.

d. A fourth method that can be used to evaluate the probability
of failure is to reconsider the equation

z x + (-Y)

From this it is clear that Z is the sum of twi independent random vari-
ables X and -Y . It is well known in probability theory that the
Laplace transform for the density function for the sum of two independent
random variables is given by the product of the Laplace transforms of' the
density functions of the individual variables. Hence if H*(s) is taken
for the Laplace transform of h(z) then

H*(s) - F*(s)G*(-s)

where F*(s) and G*(-s) are respectively the Laplace transforms of
f(x) and g(-x)

This method of finding the probability density function of Z
and thence the probability of failure has not been used in this work.
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A-3.3 Some &camples

A-3.3.1 Normally Distributed Strength (x)., Normally Distributed Stress (Y)

It is well known that if X and Y arc normalli distributed
with mean values pX and 14y and variances ax and ay then Z - X - Y

is normally distributed with mean value pZ = 4X - py and variance
CZ2 = a= 2+ Cy . Consequently, the Drobability of failure will be given by
the area under the normal curve whose mean and variance are kZ and aZ2

respectively. The area is to found on the interval (-o0,0) . We proceed
to prove these remarks to exemplify the ideas developed in A-3.2 part b

The normal density function is given by

(XU) 2

f(x) 2a ,-0< x <

Since it is easiest to develop the results using method b in Section A-3.4,
we consider the random variable, Z - X-Y . It is easy to see in thin
case that the probability density function of Z , say h(z) is given
by

. (y.IY) 2  (z+y.k4)2

h(z) 1 a dy

After laborious algebraic manipulation compldting the square of the ex-
ponent and using the fact that

e dr -u,2n,

one is able to show

1 e-(z-(P•-py) 2/2(a, 2+a2). <,<
h(z) 1--~ 202 xy x y -< z <

That is, Z is normally distributed with mean value v.-iy and variance
ax, 2c y- . From this it follows inmmediately that the probability of failure,
Pr(Z < 0) , is the integral of the normal curve over (-oo)

409
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Stress (Y)

Because of the simplicity of the integrals involved one can use
this cxample to illustrate several of the methods discussed in Section A-3.2.

We take X to be distributed as

f(x) = aeax )0, O< x < 0

and Y to be distributed as

g(y) = be-by , O< y < CO

1. Using formula (2) in A-3.2 one fixes the value of one of
the variables, say Y-y . For this fixed value one determines the prob-
ability that X < y . This is given by

-y
Pr(X < yYy) a ae"a dx .1- e"&

0

If we multiply this by

Pr(y < Y < y + dy) g(y)dy,

we obtain

Pr(X < ylY=y) Pr(y < Y < y + dy). - ,(x.< y; y < Y < y + dy)

- (l-e'ay) be-by dy 0 < y < .o

Then

(x < Y)-f (I-e'ay) be-by dy - b b

0

which is the required probability of failure.

410
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2. Using formula (3)ofA-3.2 one must first find the probability
density function of Z = X - Y . This is easily accomplished by using the
formula

h(z) ] f(z+y) g(y)dy, z<o.
V• -Z

Since the probability of failure is equivalent to Pr(Z < O) , one has,

using formula (3) of A-3.2 that

h(z) dz 0=a(z+Y) be-by dydz = 1 b

which ,-learly agrees with the result found above.

3. Using formula (4) of A-3.2 one sees that

1(y) =fT M-ax dx a- 1- e"a-

0

Hence from formula (4) of A-3.2 one obtains the probability of failure as

S(X :_ Y) t (l-e"Y) be"by •y
0

This integralp of course is

Fr(x < Y). - - b-l

which again agrees with the other results of this section.

A-3.3.3 Gama Distributed Strength (X) and Ga=& Distributed Stress (Y)

In some applications one finds typically that the probability
density function for the random variable has a form as shown in Figure
A-3•4 and that the gamma density function, given by the formula
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| [ ...... .

r(n) ,n Co x

can be used to closely fit the data. X in the formula is a scale parameter.
n is a shape parameter. For n - 1 the gamna density function is the
negative exponential discussed above. For large values of n , the gammaSdensity can be approximated by the normal density. Hence the gamma function

Ssupplies a family of densities that roughly fall between the two cases
I ~ previously discussed.

SIt has been shown in formula (3) of section A-3.2 that if one
considers the problem of determining the distribution of the difference
variate Z (i.e., Z = X-Y) for given distributions for X, Y, then the
density function for Z can be found from

r f(,,+y)g(y)dydz 0 < z < ,

(2) h(z)dz Pr[z < Z < z + dz)

f f(Z+Y)g(y)dydz - z <a <0
-0

Hence one is interested in
0 0

h(z)dz f(z+y)g(y)dydz

Equivalently one is interested in

0 h(z)dz-io":" f(z+Y)g(y)dy I

from which P(Z < 0) 1 3 f h(z)dz . Here we suppose
0)(3) :f x•X A" eP "0x , i ld x <

" 0,() g(y) • -• :•i 6'Y , 0 < y < " •

Uater we shall extend this definition of the gama function to include the

scale parameter X in formula 1.)

413
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Straight forward substitution of (3) and (4) into (P) leads to

h(z) J (z + y)m- e(Z+y) yn- e-y dy, z > 0

The substitution v = y/z lead to f
h(z)dz - lm+n-' -z / vn-1 (l+v)m"' e-"'v dv, z. > 0

r(m)r(n) z -
0

The integral can be expressed in terms of the well known confluent hyper-
geometric function r(n)U(n, n + m, 2z) and the function h(z)dz can be ex-
pressed in terms of the well known Whittaker function Wk, m(2z). In the
special case m = n the Whkttaker function can be expressed in terms of

the Bessel function Km(X). Hence in general h(z)dz can be found in
terms of well known functions.

The above results define the density function for Z > 0. The

probability that Z > 0 is given by 0

* f ~~~h(z)dz.From the abrive discussion this is equivalent to

0,

where Wk m(x) is the Whittaker function. From the definition of h(z)dz
this is also equivalent to the double integral

P0. m+n-l 0 n- rn-l -2zv
a dz V (l+v) a dv.

r(mr)r(n) fo

The expression of h(z)dz in torme of IC(x) was first found by Pearson,
et a& 13 . The general result of h(Isdz is terms of the Whittaker
function was first found by Kullback 4: Qur results follow di-
reotly from the definition of those funtionse.
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The last formulation is easiest to work with.
Interchanging the order of integration and noting that the inte-

gtal involving z is by defnlLion

mn(m+n)
(1+2v)m+n

leads to the single integral

r(m) r(n) (l+2v)m+n

If now one takes u - v/(l+2v) it follows directly that the inte-
gral can be written as:

Fý'(Z 0)1/2(1.u)m'- un-1 du.*1 r(ii)i'(n)i o

This integral is the well known incomplete beta function BI/ 2 (mn).
Hence, finally

Pr(Z > 0) = B mnB(mn) 1/2 (m~n)

where B(m.n) = Ir(m4n)/r(m)r(n)]-*, It follows directly that the
probability of failure is given by 1 - Pr(Z > 0).

in all the previous results we have taken the ganma distribution
in the form

f(x) Tý '

A simple genealization occuLrs if one admits the scale parameters
X, 4. 1t is easy to show that the resultant probability density function
is given as f(x) = Ay x m-1 el.x X>O, 0 Sx< P m >0,

g(y) " V n-l e'Py ,' >0,0 o y< y , < n >0.
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If one introduces-this into Equation (2) for h(z)dz it follows by

previously used methMa+ t+-at

h(z)dz.•(z)r 5 vn) ze'(÷) ,dv, o < . <

which leads to h(z)dz being expressed in terms of the Whittaker function with

argument (X+p)z instead of 2z as previously.

From the above one has, again using the previous methods,

fh(z)dz- P±z) o 1 ni dv

Sr(m)r(t) ( [i + (l+r) v1'T'+n

where r g a/% . The chanat of variable u - rv/(l + (l+r)v) allows one
",.to express the above integral ai

\"\ x r~ + v) (3. u' - du
F(m) r(n) lo+r

which involves r only in the limit of integration. Hence P(Z > O) can
be expressed a.the incomplete beta function whose truncation occurs at
r/(l + r)instea&Nqf 1/2 a& found in formula (p).

Therefore, 3 \ (mn)
Jr

(6) Pr(Z >o) . +r

B m o )

~ecia~l Cases

1. It is clear that for X -x, r I and r/(l + r) 1/2. Hence
all of the proceeding work involving 4 - 1 holds for

2. Ifm- n 1 then for ?X m Aml, Pr(Z >0) a 1/2 and in
general for X- n L A. it is clear from the above that this

holds. But this is expected since in the case m a n, both

X and Y are negative exponentially distributed and for

416

.... .... M

Y- -"-. .- ----- --'; " ': , • " .. ,'' ' :

Downloaded from http://www.everyspec.com



iti

= they are identically distributed no matter what N. or

tA are. Hence this case corresponds to taking tne difiereumir

between two identical negative exponential variates and as

one would expect. P(y > O) w 1/2 for any choice of % and ip

for which . -

3. If in 1, above, m m n= i but X 4 i then it follows that

r
P(z >o) Trdu

P(7,> 0)
- +r

The probability of failure =1 r

I: 1+r
4. Ifm - , n then

Pr( Zz 0) d u. lr 1.
Pr(Z rOmf~) jru du (n) l+±'Jn

"0

Thue the proba~bility of failure is I r

In the special case r n i1 this gives 1 (,/2)n

5. 1fm3., n -:lthen.
r(M+n) r~ M- dr*1-lr*M)r-(n) P r u)' u. -11 + r I

Thus the probability of failure is which gives

in the case .r * i.

The incompletq beta function has been tabulated 1(7 . From
these tables one can determine other probabilities of failure- from
formula (6).

417
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A-':'.3.1, Woibull distributed Strength (X) and Weibull distributed Stress (Y)

The Weibull density function arises often in reliability studies
(see Section 6 of this report), It is defined by the formula

fNx) b I .xojb - 1 e- i x - xo)b x 0 <x<
19 x' e " _ <

b is Miled the slope, 9 is the characteristic value (characteristic strength

for example) and xo is a location parameter for the left end point of .he
distribution. Graphs of the distribution are given in Section 6.

Plotting the Weibull or Jn-x vs. lnln I / (1 -F(x)) paper one finds the dis-
tribution to plot as a straight line. (see Section 6)

For purposes of interference theory the Weibull density function
is rather difficult to work with. The probability of failure can not be
obtained in closed form as we have been able to do in the case of the nega-
tive exponent.al densities. Neither is the integral expressable, except
in certain cases in terms of well-known and tabulated functions as is true
of the gamma and normal densities. Hence we derive an integral expression
for the probability of failure when X and Y are both Weibull distributed

random variables in this section. In the cases for whiuh the resulting
integral is well-known we give the results for future use. In section
A-4.1 we will discuss numerical evaluations of the integral used to ob-
tain the tabulation of the probability of failure given in the tables in
section A-2.2.

We take -X.XO bi

OX I (-oy

g (y) 0 <.~ y ) :5Y~OyoD
@y

In these cases we have taken Q-' - -Q ' xo and - - Yo0
Then using the formulas (4), (5), (6) of section A-3.2 one obtains:

Pr(Y>X) u Pr(Y>x I X a x) Pr (X = x)

/y- '. I° 2)Y . y by•)

Pr (Y > xX mx) e4~ YdY(G ! -
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The joint probability Pr(V> _ x x < X < x + dx) is then given by

~~~b - 1 - I~b_(• - xobI X e-
x

The integral of this expression is then the probability of failure desired.
Let

@' uo Y+ ) X
0~41 xl

O _ !x' ui/bx + -o- Yo bY
Pr(failure) e e 1y du

0 y

In table A-2.2 we choose to work with the integral

(i) eU •b b + X, du,
Jo, (Ux

with identifiers for the table taken to be:

Xo- ye xo- Yo
QX, Theta I

Theta'2

Theta IX

b x _BI
yy B2.

Three special cases can be computed in terms of well-known func-
tions using integral (i). We derive these here for use in checking the
tables developed in section A.2.2.

Case 1. bX a by - 1.

We have already considered this case for xo u Yo ,' - 1,
since the Weibull's are then simply identical exponentials. If x° Yo
one has from (1) that the probability of failure is:

00 9 du

419
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This integral can be expressed in closed form as

PO -o IY

), for any

i+
gy

For x'. Y0  and Q,1 - 9' this expression gives the probability

of failure as 1/2. For xo yo 1 one can check this with

the results given in section A-3.3.2.

For comparison with table A-2.2 we use the equivalent form

4 X Xo-Yo

e- Y

Gly

Case 2. bx 1, by 2.

In this case the integral to Oe evaluated, is:

,f e el ~ ou )•

0

To evaluate this integral we will expand the square on the ex-
ponent to give the integral in the form

eO (au2 + 2bu + a) due-d

which can be expressed in terms of the error function. If this is done
one finds that

1 + 0- Yo0(1," • ° 1 !i' 2 x"' x 2°t ° " ",

420 I
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i-I

It is well known (formula 7.4.2 of 'Ref 15) that the integral (2) can be

written in terms of the error function as:

e(b

2

(I)1/2 ac) erfc e

Computer subroutines for the error function exist and thus this
expression can be evaluated easily for given values of the parameters a,
b, c. This will be discussed further in section A-4.1.5.

Case B. bx M 2, by .1.

This cace can be developed in a fashion similar to case 2. The
integral to be evaluated is:

_U y 1U V de"• • 11. 11y,
0

This can be expreised as:

2
where r 2 u. From this one expresse. this integral as

(5)O e )( ' [ - f 'e(at2+ t+clt]

where a.-* 1, b * Qt/0t and a 0.
Xy

Thus the integral can be expressed in terms of the error fiunction as above.
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A-3.3.5 Weibull distributed strength (X) and Normally distributed stress (Y).

As shown in Section 8 one is often interested in the case in
which the strength has a Weihull distribution and the strcss is nor-
mally distributed. In this section we take

b

t(x) - Ix-XO e XC: X<0

2~'I 2-

g(y) - 1 e 2 _< Y <

In this case the probability of failure cannot be evaluated in
closed form as was done for the negative exponential cases of section
A-3.3.2 nor, except in special cases can the integral be reduced to well-
known functions as was done in section A-3.3.3. In this section we Vill
develop the integral that is used in the tables given in section A-2.1.

Since f(x) is truncated at xo one must consider 2 cases.

Case 1. If y < xo

Pr(X<y IY-y)-o.

Case 2. If y !xo

y b
Pr(X yIyuy)J o e ( , dx

'b

Hence using formula (g4) section A-3.2 jne has

o 2 b

"eT• > • dy -e e4ady.

422
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d'I
Thu first IntegraL is the area unaer tne upper taii of the normal

distribution. This area is usually denoted by:

xo-pL

The second integral is troublesome because as it stands it contains
five parameters which must be considered separately for computing formulas.

The problem can be reduced in size by the change of variable

u , Y-Xo, @• 0'

Then the second integral becomes
. 110l' X0_.I4
-Ub U + !2L

"--0' _•L
In thl form there are only three free parameters, b , - , and

Tables in section A-3.l have been built using these three parameters.
Two special cases serrs as checks for the numerical analysis used later.

if b - 1 or 2 the integral (1) can be evaluated in terms of the

error function whose values have been tabulated.

Case 1: b 14

For b a 1 one completes the square on the exponent inside the

integral to obtain the integral in the form

j (&t2 + 2bt + 0)

(2) e dt
0

whose vlue in terms of the error function is ell known (see Ref. 15.
Formula 7.4.2). HereV

b-1• + a =

423
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Hence the probability of failur can be expressed in terms of: (a) the area
under the normal curve 1 - ;(b) the error hint-Mmn P±nc t-
a.rea under the normal curve cAn -aiho be expressed in terms of the error func-

tio, oe cn fnd heprobability of failure completely from a computer
routirc that calcula.tes the error function. In checking Table A-2.1I numeri-
cal values for the probability of failure have been computed from this
computer subroutine. A further discussion of the checking proceduve. anid
results are given in A 74.l.7,

Case 2: b a2

For b a 2 ; one can once again deteiaine the value of integral (l)

in terms of the error function. In terms of the parameters a, bp c, given
in formula (2) above one finds

Again, as for b w I. above, values for the pxtbability of failure were
letermined from tht conputer aubrouting giving the error function values.
The val.4ea thus determined were uxod to chee~k Tables A-3.2,2,

In Table A-2,1 ve choose t6 identify the necessary parameters
in shorter form for typographical simplification. Hence we identify

b - B(x),

A-
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APZWIX 4 TABLE~S Or THE INTtGRALS TN Aý-3.3.4 M(D A-M3..5
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A-4 DISCUS~SION OF MEu EVALUAT!OU OF DITEGRATS IN A-3.3.4 AMI A.-3.3.5

Both of the integrals obtained in sections A-3.3.1 4 and A-3.3-5
must be evaluated using numerical pethods. We discuss our approach to,
this probilem in the following sections.

The integrals to be evaluated in A-3.3.4 ar~e of the form

f e (ru) du

where f(u) Is a negative exponential with exponent of the form-u.

The integrals to be evaluated in A-3. 3.5,ae of the form

f' fubru)du.

where f~u) is a negative exponential 2ihepnn ftefr ~

A-4.1.2 ?dgthod of Solution

Inteptils of the form g~ren. in A-4,14.l1 can be evaluated in
several* ways. We have chosen to iuse Simpson's ru~le with variable step
sizes as discussed in sections A-I&.1 4 and A-4.l.7 . 2he approximation
to the integral is given by

(1 ~[f(xo)+4f(x1 .)+2f(x2). "*+2f(x2ni-2)+4f(x2..i)+f(x2n)]

with a remainder term given by.-

h (x 1+l X1 )/2n

426
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I

vhu= ..... ±a t - --hber C± •:-f-n% taken in the interval (xi, xijl).

The values for the probability of failure were calculated
using Simpson's rule as an approximation to the integral given in A-)+.
1.1. Simpson's rule was computed to i0-6 using the University of
Michigan TEM 7990 and the MAD language. Values thus obtained were
rounded to 10"4 as they appear in the table.

* A-4.1.3 properties of sin~son's Rule

The functions to be evaluated are reasonably well behaved.

Tableo of a few of the inteprands are piven in Tables A-4.1 -
A-4.6 on the following pages, It is clear that the functions are
monotone decreasing. They are probabilities and hence are bounded above
by 1 and below by 0. The functions themselves decay quite rapidly.

Unfortunabely., derivatives of the function for any value of
bx in those integrals given in section A-3.3.4 are asymtotically infi-
nite at u .. O, Derivatives up to order 4 of the functions for non-
integral b < 4 are asymptotically a for u + 0 for those integrals given
in section A-3.3.5 Because of this property of the higher order de-
rivativee% it was deemed best not to use numerical approximations such
as Gauss - La41uerre or Gauss - Legensre methods whose error terms depend
only on higher order derivatives. Insteaf Simpson's rule was chosen so
that some attempt could be made to control errors by varying the step
sires as the higher order Cerivatives become large.

A-4.1.4 Error Analysis - Weibull.- Weibull Case

Since the remainder term of Simpson's rule depends on the
fourth derivative of the integrand, this derivative was determined. An
analytic expression is given by the following. We are interested in
the case:

i. b 7 - Ip2p,.,I0;

2. b x - ip2,...i0;

3. * 0,.25,.00,.75,i.00;

B'
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P&M tmeto8: B1 1,B2 I
Theta. I u 1, Stin~t& P2 1, Xo-yo *0

.5 367879 5.88607
1. -135335 2 216536
1.5 4.97873.xl10 2  .796593
2. 1.83156x10 2  .29305
2.5 6 .73795xio- 3  .1- o
3. 2.47875X10"3  603961,)
3-5 9.fl662xl10 4  1.459olx102

4. 3.35463XI10 4  5.3 6 7~4xio-3
4.5 1.23414.0 4  1.971 f56 xio03

5. 4.53999x1(Y'5 7-9-6399NIO-'
5.5 1. 67017xio-5 2.67227xIO0-
6.o 6.14421xio"'6  S9.83074xio0S

65 2.26033X10 6 3.61053410 5

7. 8.31529x10-7  1.33045xc10 5

7.5 3.05902xl10 7  4.89444x10'6

Table A-4.1 Integrands and Their 14th Dpr~ivrAtve.
for Weibull-Weibu.U. Case

........................
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BIr 3 10,3B2 1
Theta 1 a ITheta2 1, Xo-Yo.

1X10-2 0  . 364219 > 3z1076

.1 .15041l9 2 7851o

.5 8.7'T702x102  1. 634
1. 14.9rf767x2.02 .168733
1.5 2.89733x10 2  5.58241,c10 2

2. i.70J171x10-2 2.598yýX10-2

2.5 1.00925x10' 1.36768x10-2
3. 5.99924xi1Q.94Uj

45 1.27819X10 3  1.47o49x10-3
5. 7.65778x1o-4 8.66458x10-4

5.5 I4.59272xi0" 4  5.1n927410
6. 2.7569ix10-4 3.04688x1(A4
6.5 1.65615xio"4  i.M164xio-4
7. 9.9r5537X10-5  1.O8298x10' 4

7.5 5.98766xio-5 6.47386x10 5

Table A-14.2 Inteprands and Their 4th Derivative
for Veibull-Weibull Case
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Parameters: B3. 10QB2 a1

Theta 1 w 1, Theta 2 *1, Xo-Yo *0

F(U) Fiv(u)
1x10 2  .99005 > 2.9x10'6

.1 .4o8882 "2132.63

.5 .238584 4.44245
1. .135335 2 4588
1.5 8 75710 .151746

2.5 ,X2. 74344x10:2  3._27x0

3. ,7 1.63c076x102  2.o643OX1.02

9.72lo5x10-3  178o4x10-2

4. 5.8o696x103  6.828ý2x103

4.5 3.47449x0 3.9972.9X1-3

5. 2.0816x103  2.35528X103

-~ 5.5 1.24843x10'3  1.39428x10' 3

6. 7.49405x10 8.28227xl.04
4.0881 4  4.921.0

7.5 4.5o2762x10 49371

7. 2.7o6:15x1o 2934I

Table A-4 .3 Integrands and Their 4th Derivative
for Weibull-Weibull Case
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III
Il

It

Parameters: B - 1, 0 0 - -

u F(u) 'u)

1x10o25  3.35463xO"-4 5.398957xlo 6

.05 .57695 -. 20005xlO8

.1 1.37807x10" 8  1503.39

.15 4.5713x10 27  6.3861c 1O15

.2 0 0

A

Table A-4.4 Integrands and Their 4th Derivative

for Weibull-Normal Case

../
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P&Manleters: B 1 10''

Iu F(u) FLV(U)
410,~25  2.28973x101 1l 4.4295lo 4.05 6 ,36523x1040o 9.J.3387xlo"3.1. 1.37807420- 8  

1.3861.6
15 2.32355xlo 6 1.57617

.2 3.05113X3.O" 1.25.25 3.120.9x1 5  
81;64282

.3 12.48517x10jo5.58
.35 1.5415x,0-3  558
.4 7.44658xio-3  1037.02

.45 200154io-2 1732.68
.45 2.0,90854o 2  453.178

.5 .02085-4619.66
.187308 -9212.57I.6 332871 -4007.44

.5 .46o7o4 9516.3.7 .496585 146oo.i.
.75 .416862 4041t.9

.27253p- -762q.97,n
.85 138761 -8057.04

.9 '51 50232xlo 2  -2207.48
1. li.0867 7XI.03 1382.761. .5 7.6% r6xlo-4  7154.39

1.1 .1166xo-4 2o6. 2651.15 1. 26 862x10-5  41.0759
1.2 1.12245X2.0- 6 5.76
1.25 7.73443xlO8  5.817431
1.3 4.15066xio-9  .14 3 -2

1 .35 1.7 3473 10' ~ 483271x 102
3473XIO" 2 . 84 342x10-3

Table A-- nernsadTer4th -Derivativue
ftWeibu11-Norma1 Case

43,
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Parameters: B mu1,' u10,X 1 u-7

ii F(U) F~ (U)

1.4~5 1.43133xl0 1  428349x.O -7
1.5 2.82576x101 '5 1.L0601xlo 7

1.55 4.341d66x10-17  2.185O7X1O-9
1.6 5.2O2.19x1Co1  3.31o6ix1o-
1.65 14.85i51xio-21  3-8538X10-1 3

1.7 3.523520 3  3.45198x101 5

1.7(5 1.9929&cIor25 2 .38233x1O"'7
'.8 8.7792xIo-2 -2281x01

1.85 3.01185xl10 30  5.21112x102

1.9 0 0

Table A-4-5 Integrands and Th~eir 4~th Derivative
* ~for Weibull-Norma). Cale (continued).
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Parameters: B -1, Q'-10, X0- p = -10

u F(u) FiV(U)

1X10-25  1. 92875x10-22  1. 73991x10-
.05 2.40296x10-2 0  1.74943x10412

.1 2.33155xl01 1.35275xc101

.15 1.76184X10-1 6  8.03111x10-9

.2 1.03685x102.4 -.5411 7

.25 4.75219x10-13  1.27'031xl10 5

.3. i.69628xo101l 3.3655x10o

*35 4.71548x1010o 6.76653x10'3
.4 1.0209x108  .102689I

.5 1.721.33x10"7  1.16765
.5 2.260,33X10' 9.84193
.55 2.31157x10-5  60.482-
.6 -1.84lo6xio ~ 263.426 1

.5 1. 141gi7xio03  768.245
.7 5.51.656xlo- 3  1283.6
.75 2,07543xl10 2  335.722
.8 6.o8oiioxO- 3422.33
.85 .2138761 -6824.84
.9 .246597 -2968.78
.95 .341298 7049.85
1. .367879 10816.
1.05 .308819 2994.31
il1 .201897 -5644.82
1.15 .102797 -5968.8
1.2 4.o7622x2.02  -1635.34
1.25 1.25881x10-2  1024.42.
1.3 3,02756x10-3  1,
1.35 5.67o86x104.
1.4 8.27214x105  15iý.b
1.45 9 398113x10 30. ¶i
1.5 8.31529x10-7  4., ?-27
1.55 5.72981x108  .',,;7404

Table A-4 .6 Thtegrands and Their 4th Derivative
for Weibull-Normnal Case
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Parame1ters: Bri 1 'a 10, -10

16 3.07488xlo'9 3.58016x10-2

1.65 1.2852.2x10-'9 2.i062+6x1, 3

1.7 4.18297X10 4- 2  9.37701x10 5

1M'? i.o6O,36xLO 13  3.17329XO

18 2.0933SX10-15  8.1935X3."I1.85 3.21861x10"17  i618742C1O-
1.9 3.851403x10191 2.59xo1
1.95 3.394o9x10 1 .O46x0
2. 2.61029xl1023  .2.55M2XIOO1

5

2.05 1 47644)xlO-5ý L 658xo1

2.1 6.5038x10 9 .39437xac1020

2.15 2,23124io.X130 3-8605XIO 22

1'2.. 0 0

Talkl A-14. Intiprand wA ~Their 14th Derivative
for V.1bu11-Uloria1 Wae (00n+inuad)
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oIUS- 4. !27T1b

?P(u) e' e eIX

Let q(U) e-i

N .Ux + - 0 '

h(u) e- y b Y

F'u) q'(u4h(u) + q(u)h'(u) -7(u) - i

where v . by xbl~)u)~~).

and I'(u) denotes, as is usual, the first derivative or 7(u) with re-.
spect. to U.

-F'(U)(l + W1 - F(u)fw']

* b ~~ ~~ 1(~ Y.(e)2(l)((~1

( x '2)b -2 01 X+ by(a) Y

F~i( 1) - - P'6~)(+w) M P(u)(w'J

where V' b (b -1) (b -2) (a) IW )y yy x

+ y (r.) (; 1)(u x

b -( x)F V 
a

+ b,, cr) x
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L .

SF V(u) . - ,,''(u)[l+v3 - 3F''(u)tw', - 3F'(u)[w''I - F(u)(w'''j
y(L 1 )

where v'W a b (h.'.-)(by-2) (b- (M ) 4 (
y x

-39I (S-2) (1i)2
+ 3by(bY-1) (b••-2)(c) (4)3()3u 1 X

b.-3 gt- •.4

+ 3(b yl) X .1)(u

Y, Y " X ,, .. .X
+ 3b (b

y x X

+ bv y- .) (a) 1e (L) (L3
y XX bxbx

rull exploration of this derivative appears to be unreasnn-
able. One would hope that maximu values could be obtained as functions
or the parameters so that stop sizes appropriate to minimize the error{ ~~tamn could be determined* Such &p~peasm to bb hopeless from the forum

of the derivative. Instesd4 tables of the fourth derivative were ob-
tained in an attempt to find where the derivative took mmxiuas valueso
how large these maxima were and how they behaved with respect to the
four parameters of interest, Some exalmple of these tables are given
in Tables A-14.1, A-4.2, A-4.3. a From examination of the derivý-
ative and it's value at some pointsit seeps clear that for bx A 1, the
fourth derivative approaohes infinity ,for u -#.* bx - 1 was considered
along with the other b values and not treated separately, b non-
integer and less than causes the derivative to become infinite for
u .4 0 if (x1-Yo)/" O . Li either event, it appears from the plots,
of the fourt derivitive that it rapidly approaches zero tor u'> 0. itSwas therefore'decided to evaluate the integral over 5 di.tint intervals,
(o,.00), (.0o,1p), ( L, (o10), (1o,.).

For the interval (0,.411 it did not appea fea ible to mer
a full exploration of the fourth derivative to determine the optium

-'I 437
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step size. Instead the vq~lue of the Integral was found using Simpson's
rule with 50 and 500 steps with n the interval (00.01). The integrals
did not differ by more than 10-i. Hence it was decided -that in the
interval (o,.oa) one should take n a 50.

Values of n were determined for the intervals (.01,1), (1#5)0
(%1l0) by looking at the msximm values of the fourth derivatives, as
acaputed, in each of these intervals, From these observations, a was
taken so that the maximum remainder in the Interval was less than 106
The values of n used within these Intervals were

interval n

0.011) 50
(1,5) 20
(5,10) 10

Th~e interval (10,..o) was eventually eliminated as being
"ýpractioally (" based on the following:

Coniider gu a*a)~

1* for

lbr x 1l and any combinati'on of the other paruameters:

S(u) u (au + &G)Y + u ay y + W 1U- 90+U

4(u) u a~+u V U(ay + 1)

since* over the values of u, y coasMered uF >.u with equality accurriag
when y 1. Consequently

6g(u) < u(ay +l1) 2u-a

am 4-8(u) < e,(ay") < a-2-

430
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I.inz a similar wa itcan be shlown that fQr .1. < x < iJut
with xy > 1 then the value of the integral for the inter~a1 (10,Wo) is

les týR x 0'. Porsuppose .1 < - <1-n xy >1. Then

g() . (RUX +ac)Y+ u

* X) , (au x))Y
1

+(ac) +..+U

> ayiy+U > a'u + U > 2u.

since a > 1. Then an before

((~d < .ad 1 x 1O0
10

Hence for 17 > 1 mA el < x < 1 the contribution tha the tail of the
function mK*F to' the in~regri1 is no bigger than 101.

~Q <....For 3W< 1, the above analysis is no longer valid since

g(u) &> a710 *U
since

6(u) > (SU)Y+ > J~'OY + up for u. > 10,.

Also .
10* V 10 - 1. 258, for xy .1

Hence +u

and
g(u) ~ (1.258ay+ u)

0-6(u) < 0.(1.2%&Y~ + u)

*4.s6-(u)d 1. f7..-(1.2% .aY4.u) C *-1. 2W8+10
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since a >l, e-1-2580Y+10 < -11.258 V4 1 x1-5

Hfence if une 1dcfltiflr~5 a ( )(t;c - (x0-Y0 )/ (O',);s/)and. y a1. one seesa that no matter what the Yalues of
(xo-y)/Q' > , .1, 9,/Q > 1 and h,> 1 the truncation

one tabular value will have mhs uch truncation errorand that will
be the special, camse Q 'X/0 - 1 (the strength and stress distributions
have the some characteristlo values), by/bx = .1 (the slope parameter
of' the strength distribution is 10 times the slope of the stress dis-
tribution) and the two distributions have the same up points. For the

thleso b, and br used in the tablesthis set of conditions requires
that teattems distribution be exponential (i.e.by - 1). One expects
this case to arise seldom enough to justify this moderate'error. Conse-
quently we truncate the integral at u -a 10 in all cases considered.

A-~4.1.5 Conclusion. Concerning Errors

In summay then the integral evaluated waa

with parameters taken as

by

x 1.00, 1.25,.0 , 1.75,'t 2.000...3.

The iazxfttri~ancion.error (the error caused by not including the
valueg of the integral in (10,w)), iz 10-5 which occur: for one tabular

wad for b41,b > .1I it is as small GA 1 x 10'9. The error of approxima-
tion U01 labopson's rule was not determined precisely. Using the
nuiber of steps given on pagp % it apears that the maximum error
of this type does not exceed, 1 x 10-67 This conjecture was tested

40A
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la

once more by comparing the results obtained for b b 1 , bx m 2
by a , bx - 1, b, - 2 as discussed in Section 1-3.j. Tables A-ý.'(
and A-4.8 show the computed values of formula ' 4 ' in Section
A-3.3.-4 and formula 5 in Section A-3.3.4. These tabulated values
can be compared to those given in Tables A-2.2 for the corresponding
parameters. In no case was the disagreement found to exceed 1 x 10".
Hence the conjecture is valid in those cases where it can be tested.

V We conclude on the basfs of this verification that the tables
are correct to 1 x 10-4 after rounding.

A-4,1.6 A Note on Interpolation

One notes that the tabulated values are highly non-linear in
general. Simple linear interpolation can produce errors of the order
of 10-2. Hence higher order interpolation formulas should be used for
more accuracy.y

A-4.l.7 Error Analysis - W.eib ,- Normal Case

Since the remainder term of Simpson's rule depends on the
fourth derivative of the integrand, this derivative was determined.
An aualytic expression for it is given by the following. We are inter-
ested in

(1) b 1;,2,...lO;

(3) -7o < < 3.

e- b @' .o
7(u eb 1/2 +

Let g(u) - - +-b0 Ch

h(u) e-1/2 ,2

PO" (u) - g' (u)h(u) + g(u)h' (u)

- - F(u) [w]

441
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I!

BI 1-, B2 2

Theta 1

.00 .25 .50 .75 1.00

1.oo .545641 .42204.2 .295115 .185734 .104844
1.25 .475575 .335056 .201889 .103137 .044382'
1.50 .420811 .268297 ..136622 .o54750 .017089
1.75 .377041 .216191 .091224 .027694 .005960

Theta 1 2.00 .341350 .174942 .059959 .013309 .001875
That& 2 2.25 .311735 . 141924. 038716 .006060 ,000530

2.50 .286789 .115273 .024517 .002609 .000134
2.75 .265503 .093633 .015205 .001060 .000030
3.00 .247133 .075991 .00925 .000406 .000006

Table A-4.7 Numerical Values of Formula 4
of Section A-1-3.4
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BI = 2, B2 = 1.

X--Yr

Theta 1

.00 .25 .50 .75 : 00
1.00 .454358 .353855 .275582 .214623 .167149
1.25 .383170 .280333 .205o96 .150051 .109780
1.50 .326107 .224130 .154042 .105871 .072764

Theta-1 1.75 .279900 .180717 .ii668o .075334 .648639
Theta 2 2.00' .242128 .146858 .089073 .054026 .032768

2.25 .210974 .120209 .o68493 .039026 .022236
2.50 .185063 .099057 .053021 .028380 .015190
2,75 .163545 .082135 .041300 .020767 .010o442

3.00 .1450b7 .068496 .032355 .015283 .007219

Table A-4.8 Numeric-al Values of Formula 5
of Section A-3.3.4
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w-= s + b(u
0

CY1

F" (u) - F'(u)(w) )

where w(;Q) + b(b-l)(ub- 2 )

F'il (u) - - p' (u)(w) - 27' (u)(w'I) - F(u)(w")

where w" = b(b-1)(b-2)(ub- 3 )

F±V(u) - F"'(u)(w) - 3Ft(u)(w') - 3F'(u)(w'') - F(u)(w' t)

where w'' = b(b-l)(b-2)(b-3)(ub- 4 ).

One can see some behavior of the fourth derivative from this
expression. First, if b is non-integer and b < 4 the fourth derkvativP
becomes infinite at zero as before. However, this is not true for all b
(as it was fo: all bx in the previous case), for if b is an-inkeger, or if
b>4, ub-4 .O for u .0 except for b = 4 in which case u • - I for
all u. If the fourth derivative is not infinite at the origint then the
maximum error occurs away from the origin and is of the order of (9,/c)4
for b > 4 and is less than this for b integer end < 4. Singe 9'/a can
be as large as 100, the maximum error is o3' the order of 10 . The
difficulty in using these facts lies in finding where this maximum
occurs. In the neighborhood of the maximum steps of size 10-3 will
give intximum errors due to approximat ion on the order of 10-9.

To locate approximately where the maximum occurs, the fourth
derivative was computed for selected values of uand several values of
the parmmeters. Examples of these calculptions are given in tables
A-4.4 - A-4.6 . One notes from these plots that for (Xo-P)/C > 0,
the maximum occurs near the origin and the derivative falls off rapidly
to zero. For (xo-<)/cr O• such is not the case, and the u value at
which the maximum occurs depends on the parameters. In all cases in
which -10. < (xo-4)/o < 0)the maximum occurs between .2 and 1..
However, this range is tox. large to take steps of size l0-3 along,and
an approximubion is needed to more precisely locate thie u's at which
the maximum occurz; as a fur'ction of the para.eters, This will be dis-
cussed in detail later in this section.
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For (xo-p)/o > 0, Lhe interval (0,.i) was. cxplored wit.a 50, 500
steps and the integrals were found to agree to I0-6. Hence 50 steps
were taken in this interval for this case. The number of steps in the
intervals (0.1,1)', (1,5) were chosen to make the error term no larger
than 10-6. The number of steps used then were:

Sinterval n

The interval (5,w) was not computed for (xo-O)/c > 0 since
it is "practically 0" as is shown in the following.

For an > en b > 1( t 01 > 0 and o > t)

a

*i xo-p2  e 
1  

X

g(u) ) >+ (()+ _)2 > u+ 2

0 xo"1 0'

Hence w eGU + c[U + ( i.) .1

-U ý+-V-• [<. 1
and e'Ue". < e"

2 2Hence ~~~ ~ (• e+1)d 7[V +3

Thus even if al/a is as small 6s 2, which it is not, the area from(5)

contributes less than 1 x 10-ý to the total area.

In any event (whether x°--•> 0 or not)

Sx°'P 2 (0' x°'P-2 fou> •
+ , _ ( 5) + fo u-

Since we only' consider cases in which 9i > 10 and xoý > -10O,

, .) ( )+ > 10.

Consequently • ee'gt(u),lu <_ e"20 pg g x 10-9.

1'445
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Thus the function error in any case is less than 2.x 10"9. Of
course it is much leso than this. IHowever, one sees bhat itý'is negli-
gible.

•. IFor (xo-p)/c < 0, the function in question is no longer a
monotone decreasing exponential due to the exp.f-l/2[(a/O(u)+(Xo-•)/o] 2 }
term. Instead it has the properties of Tables A-4.4 - A-4.6 and
the maximum point Y can be seen to shift as the parameters change.

Fýr (xo-p)/c < 1, the fourth derivative has large values (as
large as 100) at some point u > 0. Precisely where that point u is and
how large the neighborhood in which the fourth derivative remains largely
depends on all the parameters.

By evaluating the fourth derivative for several values of the
. . arameter, it was found that for fixed b one had two bounding functions

"for adlacent setting of the parameters. These bounding functions in-
tersectat some value u*. for u < u*, f_'(u) > fiV(u) while for u > u*,
fiv(u) < fiv(u) where fiy and fkv depehd on the parameters (xoN0 )/a

aid g/a.' It was found ior

1. --0. - X; x a 102...10

- 1O(i-l), 1 1,2...10

2.an °' (x+l)) X 0 112... 10and 2. ".2 -Z+) x"12:l

Sl0i W 11 i2...10

and
f iv (u) fly (u) with parameter set 1

f (u) f (u) with parameter set 2

then for some u u*

iv (u)>fivf u fi (U), u < u*,

iv ivf2 (u) >f (u),
2
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Furthermore,% r any sfttLng of the parameters in the inter-
vals

" • [( - (x + )) , - X ) • i ! + 1 ) ]

the fourth derivative for these paraneters were dominated by either
fiv (u) or fiv (u). Hence fc• all u < u* any setting of the parameters
in the inter&al above, fiv (u) was largest while for qli u > u* and
any setting of the parameters in the interval above f2 v (u) was largest.

First, it was decided to evAluate the Integral for
-10 < (xo4)io < 1 over from subintervals, 0 < u < x 1 , x, < u < xo,

Su < x, x < u < 10. This was done to reduce as much-as posiible
t~e size o;Oh Enterval over which many steps had to be taken.

fv x was taken to be that u such that fir (u) < UxlO3 for u < x,an (u)2> lxo 3 for u - x:, + .05.and f

x2 was taken to be that u such that f2v (u) > L,103 forIx. < u <x2 while fv. (u) < lx1o3 for u = + .05.

x3 was taken to be that a such that fiv (u) > lxlO" 9 for
x2 <u<x 3 while f•V (u) <IxO"9 for u.x 3 + .05.

*• Since b - 1 gave the maximum length of the intervals over
which the error of approximation remained relatively large, the x1 , x2 ,

3 were chosen ter that b and used for all b•.

It was found that xi < .3a xo < 1.1 and for fV(u) .,4109# theinterval x2 - x became small. Hence,ln the. interval (Ox,) 5 step.
were taken# in (x3, x2 ), 50 steps were taken and in each of (x2, X3)
and (x 3 , 10), 5 steps were taken. For all ef the values of the para-
meters studied, these intervals and steps gave

h5 fiv (u) < 1O"6.

Hence, in all case% the errors of approximation were less than
1 x 1 6 • and consequently¥the maximum error of approximation is less
than 1A.

To check the logic used in attempting to reduce the errors of
truncation and approximation, the formulas 2 and 3 of section
A-3.3.5 were computed using the error function subroutine available on
the University of Michigan 7090. These same integrals were evaluated
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using Simpson's rule with the I tervals discussed above. Comparisdpns
mnwwu L.rum Tables A-4."9'-lO riovin w ith those of sectinAA-2.1 fo r so e s l c e ues o1 T t he pare~ tere. In no case do Ohe

failure probabilities differ by re than 10"h n do 7 rA-4.1.6 Conclusions Concernin E ors.\

with the parameters taken as

= 1,2 ... o10;

10,15,20,2 ,a...lOO.0
- 1#1.2,93,4 a .o -10,9 -9 ... \

The maximum truncatioL: error Is le a than 10-9 for all values
of the parameters.

The maximum approhimation errors ar less than 10-6 using the 4
steps noted in A-4.1.7.

The values of the integrals using 8 on's rule differs
from the values obtained using the error functio formula of section
A-3.3.5 by no more than ix10-6 .

Since the tabular values in Table A-2.1 have been found by
rounding off the computed values, the tabulation a e correct to
+ 5 x o0,5 .

A-4.1.9 A Note on Interpolation

One notes that the tabulated values are non-linear, Simplelinrar I terpolation can introduce significant errors (errors greater

than 10 A). Hence higher order interpolation formulas should be used
for more accuracy.
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\B

B-,1

-10 -5 -1 1 2 3
',o .63028 .39043 .0995 .00797 .00082 .oo004
90 .39271 .22023 .0318& .00407 .00042 .00002
V0 .283P7 .1535 .03507 .00274 .00028 .00001
4p .22096 .11723 .02649 .00206 .00021 .oooo0

Zr 56ý .18111 .09498 .021M9 .00165 .00017 .00001
60 .15340 .07983 .01779 .00138 .00014 .00001
70 .13303 .06884 ,01528 .00118 .00012 .00001
80 .11743 .06051 .01339 .00104 .00011 .00000
90 .10511 .05398 .011922 .00092 .00009 .00000

100 .09512 .04872 .01074 .00083 .00008 .00000

Table A-4 .9 Numerical Values of Frrmula 2
of Section A-3.3.5
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B 2

-10 -, -1

1o .62853 .22508 .01877
20 .22217 .o6264 .00470
30 .10593 .02841 .00213,
40 .06110 .oi6lo .o010

7 50 .o3956 ..01034 .000o,7
60 .02765 .00719 .00053
70. .02039 .00529 .00039
80 .01565 .00405 .00030
90 .01239 .00320 .0oo04

100 .01005 .00260 .00019

Table A-4.10 Numerical Values of Formula 3
Using Parameters Given by Formula 3

of Section A-3.3.5
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